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Modular curves
Complex upper half plane H = {z ∈ C| Im(z) > 0}, SL2 (R) acts:
p = a prime number.



az + b
a b
·z =
.
c d
cz + d




a b
Γ0 (p) =
∈ SL2 (Z) p|c .
c d

Modular curve X0 (p) := Γ0 (p)\H.
φ

∼

X0 (p) −
→ Isomorphism classes of elliptic curve isogenies E1 −
→ E2 of degree p over C.
The curve X0 (p) has a planar model over Z given by
Φp (X, Y ) = 0
where Φp (X, Y ) ∈ Z[X, Y ] is the “modular polynomial”.
Kronecker congruence:
G. Pappas

Φp (X, Y ) ≡ (X − Y p )(Y − X p ) mod p
August 4, 2018
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Theorem (Shimura, Igusa, Deligne, Deligne-Rapoport):
Assume p ≥ 5.
There is a model X0 (p) of X0 (p) over Z, (i.e. X0 (p) ⊗Z C = X0 (p)), such that:
If ` 6= p is another prime, then X0 (p) mod ` is a smooth curve over the finite field F` .
If ` = p, then X0 (p) mod p is a singular curve over the finite field Fp .
There are two smooth irreducible components intersecting transversely.

The curve X0 (p) mod p is (étale) locally isomorphic to Spec(Fp [x, y]/(xy)).
Proof: X0 (p) is defined as the moduli scheme over Z of elliptic isogenies of degree p.
Deformation theory of such elliptic isogenies determines the local structure.
G. Pappas

August 4, 2018
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Shimura varieties
Shimura data (after Deligne): Pairs (G, X) with
G = connective reductive group over Q, and
X = {h} the G(R)-conjugacy class of a homomorphism of algebraic groups over R
h : ResC/R Gm → GR ,

(i.e. h(R) : C∗ → G(R))

satisfying certain conditions. These conditions, in particular, imply that
X is a disjoint union of symmetric Hermitian domains, and
G(R) acts on X (transitively) via holomorphic automorphisms.
Now fix a Shimura datum (G, X). Choose a compact open subgroup K ⊂ G(Af ) of the finite
adelic points of G (“the level subgroup”).
Shimura variety:
G. Pappas

ShK (G, X) := G(Q)\(X × G(Af )/K).
August 4, 2018
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If K 0 ⊂ K we have a map ShK 0 (G, X) → ShK (G, X).
ShK (G, X) is a finite disjoint union ti Γi \D of quotients of a symmetric Hermitian
domain by congruence arithmetic groups Γi .
ShK (G, X) is a finite disjoint union of quasi-projective complex algebraic varieties
(Baily-Borel).
Continue with (G, X):
We have (ResC/R Gm )(C) = C∗ × C∗ . Hence, h gives hC : C∗ × C∗ → G(C).
Set µ(z) = hC (z, 1). This gives an algebraic cocharacter
µ : Gm (C) = C∗ → G(C),
which is “minuscule”, i.e. hα, µi = 0, 1, or −1, for any root α of the group G(C).

G. Pappas
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Definition: The reflex field E = E(G, X) ⊂ C is the field of definition of the G(C)-conjugacy
class {µ} of µ. It is a number field.
Let X ∨ := G/Pµ be the homogeneous space of parabolic subgroups of G of type µ; it is a
smooth projective variety defined over E.
The complex variety XC∨ = X ∨ ⊗E C is the compact dual of the symmetric Hermitian domain
X.
Theorem (Shimura, Deligne, Milne, Borovoi) The Shimura variety ShK (G, X) has a
canonical model defined over E(G, X).
Types of Shimura varieties (data):

(PEL) ⊂ (Hodge) ⊂ (Abelian) ⊂ (General).

Shimura varieties of PEL type = moduli spaces of abelian varieties with Polarization,
Endomorphisms and Level structures. (Examples: Modular curves, Siegel modular varieties.)
Shimura varieties of Hodge type = moduli spaces of abelian varieties with Hodge cycles
and level structures.
G. Pappas
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Arithmetic models
Goal: Describe “good” models of the varieties ShK (G, X) over the integers OE .
Work prime-by-prime:
Notations: Fix (v) ⊂ OE , with (v)|(p),

Ev = completion of E at v,

Ov = integers of Ev ,

πv = uniformizer of Ov ,
kv = finite residue field of Ov .
Q
Q
Assume K = ` K` with K` ⊂ G(Q` ) and K p = `6=p K` is “sufficiently small”.
We want models SK (G, X) over Ov , i.e. schemes over Ov with
SK (G, X) ⊗Ov Ev = ShK (G, X) ⊗E Ev ,
compatible for varying K, with

G. Pappas
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Description of k v –points,
Description of local structure (singularities),
Some sort of characterization among all possible models.
A motivating application is to Langlands’ program relating automorphic representations and
Galois representations. This correspondence is expressed by writing the Hasse-Weil zeta
functions of Shimura varieties as a product of automorphic L-functions.
Several other applications, for example to: 1) Integral and p-adic theory of automorphic forms,
2) formulae (“of Gross-Zagier type”) for special values of derivatives of L-functions.
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Conjecture (Langlands, Langlands-Rapoport): Suppose that G extends to a reductive
group over Zp and that Kp = G(Zp ).
a) There is a “canonical” smooth model SK (G, X) over Ov ,
b) The set SK (G, X)(k v ) with its Hecke and Gal(k v /kv )-action has a “motivic” “group-theoretic” description: There is a hFrobv i × G(Apf )-equivariant bijection
∼

→
limK p SKp K p (G, X)(k v ) −
←−

G

limK p Iφ (Q)\(Xp (φ) × (X p (φ)/K p ))
←−

[φ]

where: [φ] runs over isomorphism classes of “G-pseudo-motives” φ over k v ,
Iφ = Aut(φ), an algebraic group over Q,
X p (φ) ' G(Apf ),
Xp (φ) ' an affine Deligne-Lusztig subset of G(W [1/p])/G(W ).
(W = the ring of Witt vectors W (k v ).)
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Theorem (Kisin): The conjecture is true* when p is odd and (G, X) is of abelian type.
Remarks:
1) *= Kisin proves a modified/somewhat weakened version of the description of k v –points
conjectured by Langlands-Rapoport in (b).
2) (G, X) is of abelian type when, roughly speaking, is isogenous to a Shimura datum
of Hodge type; this is the case for most G with classical Lie algebra.
3) The precise notion of “canonical” in (a) is due to Milne. It involves an extension property
similar to the one in the definition of Neron models of abelian varieties.
4) For Siegel modular varieties, the existence of a smooth model in (a) follows by work of
Mumford. It is canonical by work of Milne, Faltings-Chai, and Vasiu-Zink.
5) Earlier work on (b) by Zink, Reimann, Kottwitz, for PEL Shimura varieties, and
on (a) by Vasiu.
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2) (G, X) is of abelian type when, roughly speaking, is isogenous to a Shimura datum
of Hodge type; this is the case for most G with classical Lie algebra.
3) The precise notion of “canonical” in (a) is due to Milne. It involves an extension property
similar to the one in the definition of Neron models of abelian varieties.
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Questions: i) What if G does not extend to a reductive group over Zp ?
(This is the case for the finite set of primes p at which G is ramified.)
ii) What about other subgroups Kp ?
Bruhat-Tits theory provides the good class of “parahoric” subgroups of G(Qp ):
G always extends to a “parahoric group scheme” G over Zp .
In general, G = Gx depends on the choice of a point x in the Bruhat-Tits building
of the p-adic group G(Qp ). Recall, the group G(Qp ) acts on the building.
The group scheme Gx is constructed as a smooth connected affine group scheme
over Zp which
a) extends G, i.e. Gx ⊗Zp Qp = GQp , and with
b) Gx (Zp ) = the “connected stabilizer subgroup” of x in G(Qp ).
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Definition: A subgroup of G(Qp ) is parahoric if it is equal to Gx (Zp ) for some x.
The parahoric subgroups of classical groups G(Qp ) are the (connected) stabilizers of certain
chains of Zp -lattices in the standard representation.
Example: For GL2 (Qp ) the parahoric subgroups are:
Maximal = Stab(Λ) ' GL2 (Zp ), Λ ' Z2p a Zp -lattice in Q2p , or
“Iwahori” = Stab(Λ0 ) ∩ Stab(Λ1 ), Λ0 , Λ1 two Zp -lattices with pΛ0 ( Λ1 ( Λ0 .
Expectation: Suppose Kp = Gx (Zp ) is a parahoric subgroup of G(Qp ). Then the Shimura
varieties ShK (G, X) should have natural “good” Ov –models SK (G, X) with étale local
structure that explicitly depends only on the pair (Gx , {µ}v ).
(Here, {µ}v is the conjugacy class over Ev given by µ.)
More precisely:
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Local model conjecture (Rapoport, P.): Fix (G, X) and a parahoric subgroup
Kp ⊂ G(Qp ), with Kp = Gx (Zp ).
1) There should exist a flat projective Ov -scheme (the local model)
Mloc := Mloc (Gx , {µ}v )
with left Gx -action, such that:
∨
a) The generic fiber Mloc
Ev is G-equivariantly isomorphic to the variety XEv
of parabolics of type {µ}v .

b) The special fiber Mloc
kv is reduced,
c) The Gx (k v )-set Mloc (k v ) can be identified with the union of those Gx (W )-orbits
in G(W [1/p])/Gx (W ) which are “bounded by {µ}v ”. (W = W (k v ).)
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of parabolics of type {µ}v .

b) The special fiber Mloc
kv is reduced,
c) The Gx (k v )-set Mloc (k v ) can be identified with the union of those Gx (W )-orbits
in G(W [1/p])/Gx (W ) which are “bounded by {µ}v ”. (W = W (k v ).)
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2) There should exist a “relatively proper system” of models SK (G, X) of ShK (G, X) over
Ov , each with the following property:
For each closed point a ∈ SK (G, X), there is a closed point b ∈ Mloc , such that an étale
local nbd of a in SK (G, X) is isomorphic to an étale local nbd of b in Mloc .
“relatively proper system”= The limit
limK p SK p Kp (G, X)
←−
satisfies the valuation criterion of properness for dvrs of mixed characteristic (0, p).
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More precise variant of 2):
2+) There should exist a “relatively proper system” of models SK (G, X) of ShK (G, X) over
Ov , with compatible for varying K, diagrams
SeK (G, X)
π

x

SK (G, X)

q

%

Mloc ,

where q is smooth and Gx -equivariant, π a torsor for a smooth quotient of Gx .
Morevover, the generic fibers of these diagrams should agree with the diagrams obtained
by the principal automorphic bundle.
2+) =⇒ 2), by smooth descent.
2+) gives natural v-integral structures on certain spaces of automorphic forms.
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Theorem 1 (P.- Zhu, ’13): Assume G splits over a tamely ramified extension of Qp . Then a
local model Mloc with the properties (a), (b), (c) exists.
(When p divides the order of π1 (Gder ), the reduced special fiber property (b) holds, after
slightly modifying the definition of P.-Zhu; He-P.-Rapoport ’18.)
Proof: For simplicity, assume the derived group Gder is simply connected.
1) Carefully extend the parahoric group scheme G = Gx to an affine smooth group scheme
G over Y = Spec(Zp [u]) using Bruhat-Tits theory. The extension is in the sense that
G | u=p = G.
The tameness assumption is important here.
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2) Consider the Beilinson-Drinfeld affine Grassmannian GrG →
− Y = Spec(Zp [u]):
By definition, GrG parametrizes isomorphism classes of triples (E, y, β):
E a G-torsor over Y , y a point of Y , β a section of E over Y − y.
The homogeneous space XE∨v embeds in GrG ×Y Spec(Ev ). (The base change is by u 7→ πv .)
Definition: The local model Mloc is the Zariski closure of XE∨v in GrG ×Y Spec(Ov ).
Property (a) follows from the definition but showing (b) and (c) is hard:
The proof of (b) and (c) can be reduced to showing the equality of two Hilbert polynomials.
This equality is the “coherence conjecture” of P.-Rapoport. It is enough to prove the
corresponding equality in the equal characteristic case. This was done by Zhu (’11), using
methods from the theory of geometric Langlands correspondence.


G. Pappas

August 4, 2018

17 / 29

2) Consider the Beilinson-Drinfeld affine Grassmannian GrG →
− Y = Spec(Zp [u]):
By definition, GrG parametrizes isomorphism classes of triples (E, y, β):
E a G-torsor over Y , y a point of Y , β a section of E over Y − y.
The homogeneous space XE∨v embeds in GrG ×Y Spec(Ev ). (The base change is by u 7→ πv .)
Definition: The local model Mloc is the Zariski closure of XE∨v in GrG ×Y Spec(Ov ).
Property (a) follows from the definition but showing (b) and (c) is hard:
The proof of (b) and (c) can be reduced to showing the equality of two Hilbert polynomials.
This equality is the “coherence conjecture” of P.-Rapoport. It is enough to prove the
corresponding equality in the equal characteristic case. This was done by Zhu (’11), using
methods from the theory of geometric Langlands correspondence.


G. Pappas

August 4, 2018

17 / 29

2) Consider the Beilinson-Drinfeld affine Grassmannian GrG →
− Y = Spec(Zp [u]):
By definition, GrG parametrizes isomorphism classes of triples (E, y, β):
E a G-torsor over Y , y a point of Y , β a section of E over Y − y.
The homogeneous space XE∨v embeds in GrG ×Y Spec(Ev ). (The base change is by u 7→ πv .)
Definition: The local model Mloc is the Zariski closure of XE∨v in GrG ×Y Spec(Ov ).
Property (a) follows from the definition but showing (b) and (c) is hard:
The proof of (b) and (c) can be reduced to showing the equality of two Hilbert polynomials.
This equality is the “coherence conjecture” of P.-Rapoport. It is enough to prove the
corresponding equality in the equal characteristic case. This was done by Zhu (’11), using
methods from the theory of geometric Langlands correspondence.


G. Pappas

August 4, 2018

17 / 29

2) Consider the Beilinson-Drinfeld affine Grassmannian GrG →
− Y = Spec(Zp [u]):
By definition, GrG parametrizes isomorphism classes of triples (E, y, β):
E a G-torsor over Y , y a point of Y , β a section of E over Y − y.
The homogeneous space XE∨v embeds in GrG ×Y Spec(Ev ). (The base change is by u 7→ πv .)
Definition: The local model Mloc is the Zariski closure of XE∨v in GrG ×Y Spec(Ov ).
Property (a) follows from the definition but showing (b) and (c) is hard:
The proof of (b) and (c) can be reduced to showing the equality of two Hilbert polynomials.
This equality is the “coherence conjecture” of P.-Rapoport. It is enough to prove the
corresponding equality in the equal characteristic case. This was done by Zhu (’11), using
methods from the theory of geometric Langlands correspondence.


G. Pappas

August 4, 2018

17 / 29

2) Consider the Beilinson-Drinfeld affine Grassmannian GrG →
− Y = Spec(Zp [u]):
By definition, GrG parametrizes isomorphism classes of triples (E, y, β):
E a G-torsor over Y , y a point of Y , β a section of E over Y − y.
The homogeneous space XE∨v embeds in GrG ×Y Spec(Ev ). (The base change is by u 7→ πv .)
Definition: The local model Mloc is the Zariski closure of XE∨v in GrG ×Y Spec(Ov ).
Property (a) follows from the definition but showing (b) and (c) is hard:
The proof of (b) and (c) can be reduced to showing the equality of two Hilbert polynomials.
This equality is the “coherence conjecture” of P.-Rapoport. It is enough to prove the
corresponding equality in the equal characteristic case. This was done by Zhu (’11), using
methods from the theory of geometric Langlands correspondence.


G. Pappas

August 4, 2018

17 / 29

2) Consider the Beilinson-Drinfeld affine Grassmannian GrG →
− Y = Spec(Zp [u]):
By definition, GrG parametrizes isomorphism classes of triples (E, y, β):
E a G-torsor over Y , y a point of Y , β a section of E over Y − y.
The homogeneous space XE∨v embeds in GrG ×Y Spec(Ev ). (The base change is by u 7→ πv .)
Definition: The local model Mloc is the Zariski closure of XE∨v in GrG ×Y Spec(Ov ).
Property (a) follows from the definition but showing (b) and (c) is hard:
The proof of (b) and (c) can be reduced to showing the equality of two Hilbert polynomials.
This equality is the “coherence conjecture” of P.-Rapoport. It is enough to prove the
corresponding equality in the equal characteristic case. This was done by Zhu (’11), using
methods from the theory of geometric Langlands correspondence.


G. Pappas

August 4, 2018

17 / 29

2) Consider the Beilinson-Drinfeld affine Grassmannian GrG →
− Y = Spec(Zp [u]):
By definition, GrG parametrizes isomorphism classes of triples (E, y, β):
E a G-torsor over Y , y a point of Y , β a section of E over Y − y.
The homogeneous space XE∨v embeds in GrG ×Y Spec(Ev ). (The base change is by u 7→ πv .)
Definition: The local model Mloc is the Zariski closure of XE∨v in GrG ×Y Spec(Ov ).
Property (a) follows from the definition but showing (b) and (c) is hard:
The proof of (b) and (c) can be reduced to showing the equality of two Hilbert polynomials.
This equality is the “coherence conjecture” of P.-Rapoport. It is enough to prove the
corresponding equality in the equal characteristic case. This was done by Zhu (’11), using
methods from the theory of geometric Langlands correspondence.


G. Pappas

August 4, 2018

17 / 29

2) Consider the Beilinson-Drinfeld affine Grassmannian GrG →
− Y = Spec(Zp [u]):
By definition, GrG parametrizes isomorphism classes of triples (E, y, β):
E a G-torsor over Y , y a point of Y , β a section of E over Y − y.
The homogeneous space XE∨v embeds in GrG ×Y Spec(Ev ). (The base change is by u 7→ πv .)
Definition: The local model Mloc is the Zariski closure of XE∨v in GrG ×Y Spec(Ov ).
Property (a) follows from the definition but showing (b) and (c) is hard:
The proof of (b) and (c) can be reduced to showing the equality of two Hilbert polynomials.
This equality is the “coherence conjecture” of P.-Rapoport. It is enough to prove the
corresponding equality in the equal characteristic case. This was done by Zhu (’11), using
methods from the theory of geometric Langlands correspondence.


G. Pappas

August 4, 2018

17 / 29

2) Consider the Beilinson-Drinfeld affine Grassmannian GrG →
− Y = Spec(Zp [u]):
By definition, GrG parametrizes isomorphism classes of triples (E, y, β):
E a G-torsor over Y , y a point of Y , β a section of E over Y − y.
The homogeneous space XE∨v embeds in GrG ×Y Spec(Ev ). (The base change is by u 7→ πv .)
Definition: The local model Mloc is the Zariski closure of XE∨v in GrG ×Y Spec(Ov ).
Property (a) follows from the definition but showing (b) and (c) is hard:
The proof of (b) and (c) can be reduced to showing the equality of two Hilbert polynomials.
This equality is the “coherence conjecture” of P.-Rapoport. It is enough to prove the
corresponding equality in the equal characteristic case. This was done by Zhu (’11), using
methods from the theory of geometric Langlands correspondence.


G. Pappas

August 4, 2018

17 / 29

2) Consider the Beilinson-Drinfeld affine Grassmannian GrG →
− Y = Spec(Zp [u]):
By definition, GrG parametrizes isomorphism classes of triples (E, y, β):
E a G-torsor over Y , y a point of Y , β a section of E over Y − y.
The homogeneous space XE∨v embeds in GrG ×Y Spec(Ev ). (The base change is by u 7→ πv .)
Definition: The local model Mloc is the Zariski closure of XE∨v in GrG ×Y Spec(Ov ).
Property (a) follows from the definition but showing (b) and (c) is hard:
The proof of (b) and (c) can be reduced to showing the equality of two Hilbert polynomials.
This equality is the “coherence conjecture” of P.-Rapoport. It is enough to prove the
corresponding equality in the equal characteristic case. This was done by Zhu (’11), using
methods from the theory of geometric Langlands correspondence.


G. Pappas

August 4, 2018

17 / 29

2) Consider the Beilinson-Drinfeld affine Grassmannian GrG →
− Y = Spec(Zp [u]):
By definition, GrG parametrizes isomorphism classes of triples (E, y, β):
E a G-torsor over Y , y a point of Y , β a section of E over Y − y.
The homogeneous space XE∨v embeds in GrG ×Y Spec(Ev ). (The base change is by u 7→ πv .)
Definition: The local model Mloc is the Zariski closure of XE∨v in GrG ×Y Spec(Ov ).
Property (a) follows from the definition but showing (b) and (c) is hard:
The proof of (b) and (c) can be reduced to showing the equality of two Hilbert polynomials.
This equality is the “coherence conjecture” of P.-Rapoport. It is enough to prove the
corresponding equality in the equal characteristic case. This was done by Zhu (’11), using
methods from the theory of geometric Langlands correspondence.


G. Pappas

August 4, 2018

17 / 29

2) Consider the Beilinson-Drinfeld affine Grassmannian GrG →
− Y = Spec(Zp [u]):
By definition, GrG parametrizes isomorphism classes of triples (E, y, β):
E a G-torsor over Y , y a point of Y , β a section of E over Y − y.
The homogeneous space XE∨v embeds in GrG ×Y Spec(Ev ). (The base change is by u 7→ πv .)
Definition: The local model Mloc is the Zariski closure of XE∨v in GrG ×Y Spec(Ov ).
Property (a) follows from the definition but showing (b) and (c) is hard:
The proof of (b) and (c) can be reduced to showing the equality of two Hilbert polynomials.
This equality is the “coherence conjecture” of P.-Rapoport. It is enough to prove the
corresponding equality in the equal characteristic case. This was done by Zhu (’11), using
methods from the theory of geometric Langlands correspondence.


G. Pappas

August 4, 2018

17 / 29

2) Consider the Beilinson-Drinfeld affine Grassmannian GrG →
− Y = Spec(Zp [u]):
By definition, GrG parametrizes isomorphism classes of triples (E, y, β):
E a G-torsor over Y , y a point of Y , β a section of E over Y − y.
The homogeneous space XE∨v embeds in GrG ×Y Spec(Ev ). (The base change is by u 7→ πv .)
Definition: The local model Mloc is the Zariski closure of XE∨v in GrG ×Y Spec(Ov ).
Property (a) follows from the definition but showing (b) and (c) is hard:
The proof of (b) and (c) can be reduced to showing the equality of two Hilbert polynomials.
This equality is the “coherence conjecture” of P.-Rapoport. It is enough to prove the
corresponding equality in the equal characteristic case. This was done by Zhu (’11), using
methods from the theory of geometric Langlands correspondence.


G. Pappas

August 4, 2018

17 / 29

2) Consider the Beilinson-Drinfeld affine Grassmannian GrG →
− Y = Spec(Zp [u]):
By definition, GrG parametrizes isomorphism classes of triples (E, y, β):
E a G-torsor over Y , y a point of Y , β a section of E over Y − y.
The homogeneous space XE∨v embeds in GrG ×Y Spec(Ev ). (The base change is by u 7→ πv .)
Definition: The local model Mloc is the Zariski closure of XE∨v in GrG ×Y Spec(Ov ).
Property (a) follows from the definition but showing (b) and (c) is hard:
The proof of (b) and (c) can be reduced to showing the equality of two Hilbert polynomials.
This equality is the “coherence conjecture” of P.-Rapoport. It is enough to prove the
corresponding equality in the equal characteristic case. This was done by Zhu (’11), using
methods from the theory of geometric Langlands correspondence.


G. Pappas

August 4, 2018

17 / 29

Remarks: 1) Levin has an extension of the construction to most wildly ramified groups.
2) Scholze gives a characterization of local models as the only flat projective G-schemes
satisfying (a), (b), and an extra property, expressed in terms of their associated diamonds:
These should embed in a diamond Beilinson-Drinfeld affine Grassmannian in a way that
resembles the embedding in the definition above. This property, together with the resulting
unique characterization, was recently proven for Mloc , in many cases (He-P.-Rapoport and
Lourenço).
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Theorem 2 (Kisin-P. ’15): Assume that (G, X) is of abelian type, G splits over a tamely
ramified extension of Qp and p is odd. Then the local model conjecture is true, when we take
the local model Mloc of P.-Zhu in (1).
Remarks: 1) In fact, the more precise conjecture with (2) replaced by the diagram property
(2+) also holds, under some additional technical assumptions.
2) Assume the Shimura variety is of PEL type (i.e. it is a moduli space of abelian varieties
with polarization, endomorphisms and level structures). Then integral models, local models
and a diagram as in (2+) were given by Rapoport and Zink (’94). This uses the moduli
interpretation and generalizes work of de Jong, and Deligne-P. (’93). The Rapoport-Zink local
models were given explicitly via certain linked Grassmannians for lattice chains. It was not
clear that the difficult properties (b) and (c) were true for them, or for their flat closures in
general. When G is tamely ramified, their flat closures agree with the local models of P.-Zhu.
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Proof: First reduce to the case (G, X) is of Hodge type. This reduction uses an integral
version of Deligne’s theory of the connected component of Shimura varieties. For simplicity,
assume E = Q. For (G, X) of Hodge type, there is
ι : ShK (G, X) ,→ Sg = Siegel Shimura variety
given by a symplectic representation of G. Then ShK (G, X) is a moduli space of abelian
varieties of dimension g equipped with Hodge cycles.
The Siegel Shimura variety Sg has a (canonical) integral model Sg given as moduli of p.p.
abelian varieties of dimension g.
We show that the symplectic representation giving ι can be chosen so that:
a) The parahoric group scheme G = Gx embeds “nicely” in a reductive group scheme which
extends the symplectic group.
b) The local model Mloc embeds in a corresponding Lagrangian Grassmannian.
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Definition: The model SK (G, X) is given as the normalization of ShK (G, X) ,→ Sg in Sg .
It remains to show that, given (a) and (b) above, SK (G, X) and Mloc have the same étale
local structure.
This is done by studying the crystalline avatars of the universal Hodge cycles on the universal
abelian scheme. We determine how these control the étale local structure of SK (G, X) via
deformation theory.
We first use:
Integral p-adic Hodge theory (Breuil-Kisin modules).
A purity result: G-torsors over Spec(Zp [[u]]) − {(0, p)} are trivial.
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We deduce that the crystalline realizations of the universal Hodge cycles can be put “in
standard position” over each dvr-valued point a of SK (G, X).
Then, the Hodge filtration of the abelian scheme given by a defines a corresponding point
b = s(a) of Mloc . It is enough to show how to construct deformations of a in SK (G, X)
from deformations of b in Mloc .
By Grothendieck-Messing theory, the deRham cohomology H1DR (A) of an abelian scheme A is
a crystal and deformations of A are given, roughly speaking, by deformations of the Hodge
filtration F 0 (A) ⊂ H1DR (A). However, here we need to be careful and show that if the Hodge
filtration deforms inside Mloc , then the corresponding abelian scheme stays in SK (G, X).
This is technically involved:
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For this, we use that deformations of a are also given by deformations of the corresponding
p-divisible group; to give those, we apply Zink’s theory of displays for p-divisible groups.
We use that points of Mloc give values of a functor that resembles a Witt vector affine
Grassmannian for G. These give Zink displays “with G-structure” and, so, corresponding
suitable p-divisible groups with corresponding points that “stay” in SK (G, X).

G. Pappas

August 4, 2018



23 / 29

For this, we use that deformations of a are also given by deformations of the corresponding
p-divisible group; to give those, we apply Zink’s theory of displays for p-divisible groups.
We use that points of Mloc give values of a functor that resembles a Witt vector affine
Grassmannian for G. These give Zink displays “with G-structure” and, so, corresponding
suitable p-divisible groups with corresponding points that “stay” in SK (G, X).

G. Pappas

August 4, 2018



23 / 29

For this, we use that deformations of a are also given by deformations of the corresponding
p-divisible group; to give those, we apply Zink’s theory of displays for p-divisible groups.
We use that points of Mloc give values of a functor that resembles a Witt vector affine
Grassmannian for G. These give Zink displays “with G-structure” and, so, corresponding
suitable p-divisible groups with corresponding points that “stay” in SK (G, X).

G. Pappas

August 4, 2018



23 / 29

For this, we use that deformations of a are also given by deformations of the corresponding
p-divisible group; to give those, we apply Zink’s theory of displays for p-divisible groups.
We use that points of Mloc give values of a functor that resembles a Witt vector affine
Grassmannian for G. These give Zink displays “with G-structure” and, so, corresponding
suitable p-divisible groups with corresponding points that “stay” in SK (G, X).

G. Pappas

August 4, 2018



23 / 29

For this, we use that deformations of a are also given by deformations of the corresponding
p-divisible group; to give those, we apply Zink’s theory of displays for p-divisible groups.
We use that points of Mloc give values of a functor that resembles a Witt vector affine
Grassmannian for G. These give Zink displays “with G-structure” and, so, corresponding
suitable p-divisible groups with corresponding points that “stay” in SK (G, X).

G. Pappas

August 4, 2018



23 / 29

Examples:
1) G = GL2 , X = C − R ' H t H, X ∨ = P1 ,



a b
p|c ⊂ GL2 (Zp ),
Kp =
c d
Kp = stabilizer of the lattice chain p Zp ⊕ p Zp ⊂ Zp ⊕ p Zp ⊂ Zp ⊕ Zp in Q2p .
ShK (G, X) = modular curve X0 (p)K p .
Mloc = blow up of P1Zp at the closed point (0; 1) of its fiber modulo p. Then
Spec(Zp [x, y]/(xy − p)) ⊂ Mloc
is an open subscheme which contains the unique singular point. We recover the local picture
in the theorem of Deligne and Rapoport.
G. Pappas
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√
√
2) F = Q( p), π = p uniformizer at v.
G = ResF/Q GL2 , X = (C − R)2 , XC∧ = P1 × P1 .



a b
π|c ⊂ GL2 (Ov ),
Kp =
c d
ShK (G, X) = Hilbert modular surface with Γ0 (π)K p -level structure.
Mloc is a Zp -model of the surface XQ∨p = ResFv /Qp P1 .
We can calculate that
Spec(Zp [x, y, z]/(x(x + yz) − p)) ⊂ Mloc
is an open subscheme which contains the worst singularity.
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3) G = GSpin(V, q), dimQ (V ) = 2n,
Take X of type IV , so X ∨ = {quadric q = 0} ⊂ P(V ) = P2n−1 .
Suppose that (VQp , qQp ) is split.
Then, there are Zp -lattices Λ0 , Λ1 in VQp such that
pΛ1 ⊂ Λ0 ⊂ Λ1 ,

Λ∨
0 = Λ0 ,

Λ∨
1 = pΛ1 .

Take Kp = Stab(Λ0 ) ∩ Stab(Λ1 ) ⊂ G(Qp ).
In this case, Mloc is a Zp -model of the quadric q = 0.
We find that Mloc has semi-stable reduction; in fact, the special fiber has two smooth
irreducible components intersecting transversely.
Hence, the Shimura variety ShK (G, X) also has a Zp -model with semi-stable reduction.
(This was first shown by Faltings (’14) via a different method.)
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Comments/Applications:

1) The results can be applied to the calculation of the local factors of the (semi-simple) zeta
function of a Shimura variety by the Langlands-Kottwitz method (also at places of parahoric
bad reduction). The description of the singularities of SK (G, X) via local models allows us to
determine the semi-simple trace of Frobenius on the nearby cycles and verify conjectures of
Kottwitz and Kottwitz-Haines. These conjectures predict the test functions that should be
inserted in the comparison with the Arthur trace formula; the most definitive result on this is
due to Haines and Richarz (’18).
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2) These should imply similar results for integral models of local Shimura
varieties/Rapoport-Zink spaces and other related spaces.
3) Local models and their variants have found applications in the study of deformations of
local Galois representations. In this, local models also describe the étale local structure of
certain partial resolutions of p-adic deformation rings of (crystalline) representations of p-adic
local fields.
(As in work of Kisin (’09), and more recently of Caraiani-Levin (’17),
Le-Le Hung-Levin-Morra (’17), and others.)
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Some problems/questions:
1) Obtain a description of k v –points of SK (G, X) as in the conjecture of Langlands and
Rapoport. The statement of the conjecture extends without problem. Progress on this has
been achieved by R. Zhou.
2) Give a characterization of the models SK (G, X) and show that they are, in some sense,
canonical. This involves the local model diagram of (2+) (work in progress).
3) Extend the results to the general wildly ramified case.
4) Obtain good arithmetic models for deeper (i.e. smaller than parahoric) level subgroups.
5) What about general -not abelian- Shimura data (G, X)?
6) Are there spaces that play the role of Shimura varieties or of their integral models when µ is
not minuscule?
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