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LITTLE DISKS OPERADS AND FEYNMAN DIAGRAMS
Thomas Willwacher

Abstract
The little disks operads are classical objects in algebraic topology which
have seen a wide range of applications in the past. For example they appear prominently in the Goodwillie-Weiss embedding calculus, which is a
program to understand embedding spaces through algebraic properties of
the little disks operads, and their action on the spaces of configurations of
points (or disks) on manifolds. In this talk we review the recent understanding of the rational homotopy theory of the little disks operads, and how
the resulting knowledge can be used to fulfil the promise of the GoodwillieWeiss calculus, at least in the ”simple” setting of long knot spaces and over
the rationals. The derivations prominently use and are connected to graph
complexes, introduced by Kontsevich and other authors.

1

Introduction

The little disks operads are collections of spaces Dn (r) of rectilinear embeddings
of r little disks in the n-dimensional unit disk
Dn (r) = Embrl (D⊔r
n , Dn ).
Here rectilinear means that the embedding may rescale and translate the little
disks, but not rotate or otherwise deform them. The operadic compositions are
defined through the gluing of configurations of disks, with one configuration being
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inserted in place of small disk as the following example illustrates.
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The framed little n-disks operad Dnf r is a variant in which one allows the embeddings to also rotate the little disks.
The little disks operads have seen various applications in algebra, topology,
and even some branches of mathematical physics. We will focus on one particular
relatively recent application here, the manifold calculus of Weiss and Goodwillie
[1999] and Weiss [1999]. To this end let M be a manifold of dimension m. We
may consider the spaces of embeddings of m-dimensional disks in M, conf M (r) =
Emb(Drm , M). Again by composition of embeddings (i.e., gluing of disks) the operad
Dm (and likewise Dmf r ) naturally acts on the the collection of spaces conf M .
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The idea of the Goodwillie-Weiss manifold calculus is then that properties of the
space M, and spaces derived from it, may be accessed using the spaces conf M (r)
( f r)
and the action of Dn
upon them. In particular, for N another manifold of
dimension n, and under the technical condition that n ≥ m + 3, one can express
the space of embeddings from M into N as a derived mapping space between the
right Dmf r -modules conf M and confN , see the work of Weiss and Boavida de Brito
[2013],
(2)

Emb(M, N) ≃ Maph

fr

mod−Dm

(conf M , confN ).

In other words, the manifold calculus replaces the complicated topological space
of knottings of M in N on the left by a (potentially) accessible algebraic object
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on the right. One problem of this approach had been that the algebraic object
on the right is still relatively complicated and hard to understand. However, due
to recent progress in understanding the rational (or real) homotopy theory of the
little disks operads and configuration spaces Campos and Willwacher [2016] and
Idrissi [2016], information about the right-hand side may be obtained.
For this exposition we will in fact restrict to the simplest setting, when M = Rm
and N = Rn . In this case one studies the spaces of long knots Emb∂ (Rm , Rn ), i.e.,
of embeddings of Rm into Rn which agree with the standard embedding outside of
a compact. For technical reasons one furthermore reduces to the homotopy fiber
over immersions
Emb∂ (Rm , Rn ) = hofiber (Emb∂ (Rm , Rn ) → Imm∂ (Rm , Rn )) .
The appropriate version of the embedding calculus for this situation then states
that for n − m ≥ 3 there is a weak equivalence (cf. Weiss and Boavida de Brito
[2015], Ducoulombier and Turchin [2017], and Dwyer and Hess [2012])
(3)

Emb∂ (Rm , Rn ) ≃ Ωm+1 Maphop (Dm , Dn ),

where on the right-hand side we have the m + 1-fold loop space of the derived mapping space of operads between Dm and Dn . In particular, note that the GoodwillieWeiss calculus states that the homotopy type of the space of (codimension ≥ 3)knots is already fully encoded in the homological algebra of the relatively ”simple”
insertion operations (1).
The final result we want to study is that the rational homotopy type of the righthand side of (3) may be computed and expressed fully in terms of combinatorial
data, through graph complexes and algebraic structures on graph complexes. The
results we review here are mostly taken from joint works of the author Fresse and
Willwacher [2015] and Fresse, Turchin, and Willwacher [2017b]. We also refer to
these works for more technical details, which often have to be omitted from our
exposition for reasons of brevity.
Notation and conventions. We generally work over the ground field Q unless otherwise stated, i.e., all vector spaces, commutative algebras etc. are considered over
Q. As usual we abbreviate the phrase “differential graded” by dg, and “differential graded commutative algebra” by dgca. We omit the prefix dg if clear from
the context. For example “vector space” will typically mean dg vector space. We
generally work in cohomological conventions, so that all of our differentials have
degree +1. For a (dg) vector space V we denote by V[k] the degree shifted vecor
space. If v ∈ V has degree d then the corresponding object in V[k] has degree
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d − k. For an introduction to the language of operads we refer the reader to the
textbooks Loday and Vallette [2012] or Fresse [n.d.], whose notation we shall essentially follow. A standard reference for the little disks operads is May [1972,
section 4].

2 Graph complexes
Graph complexes are differential graded vector spaces of linear combinations or
series of combinatorial graphs. There are various versions depending on the type
of graphs considered, for example complexes of undirected graphs, directed acyclic
graphs, ribbon graphs etc. Here we will consider only the simplest version, as
introduced by M. Kontsevich. We define GCn to be the Q-vector space of series of
isomorphism classes of admissible graphs. Here an admissible graph is a connected
undirected graph with an orientation, all of whose vertices have valence ≥ 2, and
which does not have odd symmetries, a condition we shall elucidate shortly.
+

5
2

The definition depends on an integer n, which determines the cohomological degree
of graphs, with a graph in GCn being assigned degree
(#vertices − 1)n − (#edges)(n − 1).
In other words, we consider the vertices as carrying degree n, and the edges as
carrying degree 1−n. An orientation on a graph Γ is the following data, depending
on the parity of n:
• For n even, an orientation of Γ is an ordering or of the set of edges of Γ. If
two such orderings or, or′ differ by a permutation σ, we identify the oriented
graphs up to sign
(Γ, or) = sgn(σ)(Γ, or′ ).
• For n odd an orientation consists of an ordering of the set of vertices and halfedges. Again we identify two such orderings up to sign. Note that providing
an ordering of the set of half-edges up to sign is equivalent to providing a
direction on edges, identifying directions up to sign
=−

.
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The presence of the orientation implies that graphs with orientation reversing (odd)
symmetries yield zero vectors in the graph complex. More concretely, for n even
and odd symmetry of a graph is an automorphism inducing an odd permutation
on the set of edges. Similarly, for n odd an odd symmetry is an automorphism
inducing an odd permutation on the set of half-edges and vertices.
Note that this in particular implies that for n even any graph with a double
edge is considered zero, for it has an odd symmetry by swapping the edges in the
double edge. Likewise, for n odd any graph with a tadpole (or short cycle) is zero
due to the symmetry reversing the cycle.
..
.

↔

..
.

↕

···
We define on GCn a differential d, splitting vertices of graphs. More concretely
∑
dΓ =
split(Γ, v)
v

with the operation split(Γ, v) replacing the vertex v by two vertices connected by
an edge and summing over all ways of reconnecting the edges incident at v to the
two new vertices. Here the orientation on graphs in split(Γ, v) is chosen so that
for n even the newly created edge becomes the first in the ordering of edges. For
n odd assume without loss of generality that v is the first vertex in the ordering.
The orientation is chosen such that the newly created vertices are the first two in
the ordering, with the newly created edge pointing from the first to the second.
n even :

7→

∑

1

n odd :

1

7→

∑

1

2

It is an easy exercise to check that with these conventions on the orientation
d2 = 0, so that we can consider the graph cohomology H(GCn ) = kerd/imd. This
cohomology is a somewhat mysterious object that can at present only partially be
computed. Let us recall a few known facts.
First note that the differential cannot alter the loop order of a graph, and hence
the graph complex decomposes into a direct product of subcomplexes of fixed loop
order GCk−loop
. Furthermore, GCn depends on n essentially only up to parity, and
n
hence one can see that
j+2k
H j (GCk−loop
(GCk−loop
).
n
n+2 )  H

In particular, knowing H(GCn ) for one even and one odd n suffices to determine
H(GCn ) for all n. On the other hand, despite considerable effort, the author has
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not found any relation between H(GCn ) and H(GCn+1 ) that would allow for the
computation of one through the other.
In low loop orders the graph cohomology can be computed explicitly by hand or
with the help of computers. For example, in loop order 1 the most general graph
has the form
(4)

(k vertices and k edges, deg=n − k).

Lk =
···

These graphs have odd symmetries, and hence vanish as elements of the graph
complex, unless k ≡ 2n + 1 mod 4, so that
∏
(5)
H(GC1−loop
)
QWk ,
n
k≥1
k≡2n+1 mod 4

with the class Wk living in cohomological degree k − n.
For loop order k ≥ 2 one can show that the inclusion of the subcomplex
GCk−loop,≥3
⊂ GCk−loop
n
n
spanned by graphs all of whose vertices are at least trivalent is a quasi-isomorphism, cf. Kontsevich [1993] and Willwacher [2015b]. In this subcomplex, a graph
with v vertices must then have at least 23 v edges, and hence one can derive the
simple upper degree bound for k ≥ 2
(6)

H >−k(n−3)−3 (GCk−loop
) = 0.
n

By somewhat different methods one can also derive a lower degree bound (cf.
Willwacher [2015b])
H <−k(n−2)−1 (GCk−loop
) = 0.
n
Next, we shall note that GCn carries the structure of a dg Lie algebra. The Lie
bracket is defined combinatorially by inserting a graph in vertices of another.
[γ, ν] = γ • ν − (−1)|γ||ν| ν • γ
with
γ • ν :=

∑

γ(insert ν in place of x)

x∈Vγ

In the case of n = 2 the author showed the following.
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Theorem 1 (Willwacher [ibid.]). The zeroth cohomology H 0 (GC2 ) can be identified with the (completed) Grothendieck-Teichmüller Lie algebra grt1 . Furthermore
H 1 (GC2 )  K and H ≤1 (GC2 ) = 0.
We will not recall the somewhat technical definition of the Grothendieck-Teichmüller
Lie algebra grt1 defined by Drinfeld [1990], but rather recall the following important result of Francis Brown.
Theorem 2 (Brown [2012]). There is an injective Lie algebra morphism
F Lie (σ3 , σ5 , σ7 , . . . ) → grt1
from the complete free Lie algebra in generators σ3 , σ5 , . . . .
Both results together yield an infinite family of nontrivial graph cohomology
classes. One can provide explicit integral formulas for the graph cocycles representing σ2 j+1 as in “P. Etingof’s conjecture about Drinfeld associators” [2014].
Concretely, σ2k+1 is represented by a linear combination of diagrams of loop order
2k + 1
σ2k+1 ≃

···

+ (· · · ),

where the first “wheel” graph has 2k + 2 vertices, and the terms (...) on the right
which are not explicitly written are linear combinations of graphs all of whose
vertices have valence ≤ 2k.
We shall not recall here in detail the known results for the graph cohomology
H(GC3 ), or equivalently H(GCn ) for n odd. Let us just mention that a large family
of non-trivial cohomology classes in top degree is known through Chern-Simons
theory. Furthermore there are conjectures regarding the precise shape of the top
degree cohomology, see Vogel [2011] and Kneissler [2000, 2001a,b] for details.
Computer generated tables of the numbers dimH j (GCk−loop
) can be found in
n
Figure 1. The red lines depict the degree bounds beyond which the cohomology is zero. The cohomology classes giving rise to the numbers appearing in the
(computer accessible portion of) the tables can be “explained”, see Khoroshkin,
Willwacher, and Živković [2017] for more details. However, at large we still do
not know what H(GCn ) is, and in particular which entries of the table are zero.
To this end, let us just note a famous vanishing conjecture which goes back to
Kontsevich, and in a similar form to Drinfeld.
Conjecture 3. H 1 (GC2 ) = 0.
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Computer generated tables of dimH j (GC2

k−loop
dimH j (GC3
)

) (top) and

(bottom), with j being the row index and the loop order
k the column index. All entries above the upper and below the lower red
line are zero. Entries between the red lines which are not shown have not
been computed.
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Even Odd
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χ̃odd
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loop order
1
2
3
4
5
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15

Even
loop order
χ̃even
b
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18
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19
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20
27
21
14
22
-25
23
-39
24
-496
25
-2979
26
-412
27
38725
28
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29
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30
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Odd
χ̃odd
b
6
4
-5
-14
-21
-11
21
44
504
2969
413
-38717
-10578
667596
-28290

Figure 2: Table of the Euler characteristics of the graph complexes GCn
for even and odd n from Willwacher and Živković [2015]. Note that for
high loop orders the Euler characteristics for the even and odd complexes
are astonishingly similar, with the sign difference being due to conventions.

As a final remark we shall mention that while the above tables suggest that
the cohomology of the graph complexes H(GCn ) for even and odd n is very different. However, the Euler characteristic computations of GCn from Willwacher
and Živković [2015], which we reproduce in Figure 2, show that at least the Euler
characteristics of both complexes in high loop orders are strikingly similar. The
author can currently not explain this fact.
2.1 A variant with external legs. We will also need a slight variant of the above
graph complexes. We may consider a complex of graphs HGCm,n built using graphs
with ”external legs” or hairs, as shown in the following pictures

,

,

,

.
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We require that all non-hair vertices are at least trivalent. The cohomological
degree of a graph is determined by the formula
n(#internal vertices) − (n − 1)(#edges) + m(#internal vertices − 1).
Here we count the edges being part of a hair as edges as well. One also equips
these hairy graphs with an orientation. Graphs that possess odd symmetries are
hence considered zero in the graph complex. The differential is again given by
splitting (non-hair) vertices. This operation cannot change the number of hairs,
nor the first Betti number (i.e„ the number of loops) of a graph, Hence the complex
HGCm,n splits into a direct product of subcomplexes of fixed number of hairs and
loops
HGCk−loop,h−hair
⊂ HGCm,n .
m,n
In general, the cohomology of these complexes is not known, but at least one
has partial information. In low loop orders, or for low numbers of hairs one can explicitly compute the cohomology. For example, in loop order zero the cohomology
is precisely one dimensional, and represented by the following graph cocycles:
for n − m even, in cohomological degree m − n + 1
(7)

for n − m odd, in cohomological degree 2(m − n) + 3

The computation of the loop order one cohomology we leave to the reader. The
computation in loop order two can be found in Conant, Costello, Turchin, and
Weed [2014].
Next, using that non-hair vertices can be required to be at least trivalent one
can easily derive the upper degree bounds
(8)

) = 0.
H >−k(n−3)−(h−1)(n−m−2)−1 (HGCk−loop,h−hair
m,n

For example, we will use below that for n − 3 ≥ m the only non-trivial classes in
degree −m live in loop order k = 0 and are hence found in the list (7).
By other methods (see Arone and Turchin [2014] and Willwacher [2015b]) one
can also obtain the lower degree bound
H <−k(n−2)−(h−1)(n−m−1) (HGCk−loop,h−hair
) = 0.
m,n
Furthermore, the complexes HGCm,n are also dg Lie algebras. The Lie bracket
of two hairy graphs is computed by connecting a hair of one graph to vertices of
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the other as indicated in the following picture:
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For further information about the hairy graph cohomology H(HGCm,n ), we refer the reader to Arone and Turchin [2015] containing a computation of the Euler
characteristic, to Khoroshkin, Willwacher, and Živković [2015] containing a construction of infinite series of nontrivial classes and numerical results, or to Fresse,
Turchin, and Willwacher [2017b] for general information.

3 The little disks operads
3.1 Cohomology of the little disks operad. The cohomology of the little disks
operads Dn has been computed by Arnold (for n = 2) and F. Cohen (for all n).
Theorem 4 (Arnold [1969] and Cohen [1976]). For n ≥ 2 and r ≥ 1 the cohomology
algebra of the space Dn (r) has the presentation
H(Dn (r)) = Q[ωi j | 1 ≤ i , j ≤ n]/⟨R⟩,
where ωi j are generators of degree n − 1 and the relations R read
ωi j = (−1)n ω ji

ω2i j = 0

ωi j ω jk + ω jk ωki + ωki ωi j = 0

From the operad structure on Dn the collection of graded commutative algebras
H(Dn ) receives a cooperad structure. Generally, we will call a cooperad in the
category of dg commutative algebras a Hopf cooperad, so that in particular H(Dn )
is a Hopf cooperad.
To understand the operad structure it is slightly easier to consider the dual
operad H• (Dn ). For n = 1 this is just the associative operad. For n ≥ 2 it can
be identified with the n-Poisson operad Poisn , which generated by a commutative
product operation ∧ of degree 0 and a Lie bracket [, ] of degree 1 − n satisfying the
compatibility relation
[x1 , x2 ∧ x3 ] = [x1 , x2 ] ∧ x3 + x2 ∧ [x1 , x3 ].
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3.2 Rational homotopy theory of operads. Rational homotopy theory is the
study of rational homotopy types of spaces. In Sullivan’s approach, the main
ingredient is a Quillen adjunction between the categories of simplicial sets (which
we shall think of as topological spaces) and of dg commutative algebras
Ω : sSet ⇆ dgcaop : G.
Sullivan’s functor Ω sends a simplicial set X to the dg commutative algebra of
piecewise polynomial differential forms
Ω(X) := HomsSet (X, Ω poly (∆• )).
We readily extend the definition to topological spaces instead of simplicial sets
via the singular simplicial complexes functor Sing• . We shall quietly abuse the
notation and write, for a topological space X,
Ω(X) := Ω(Sing• X).
When X is a manifold Ω(X) ⊗Q R is weakly equivalent to the dg commutative
algebra of de Rham differential forms on X. For our purposes, rational homotopy theory can be seen as the study of the quasi-isomorphism type of the dg
commutative algebra Ω(X).
Let us next consider a topological operad T . To study its rational homotopy
type we would like to apply the functor Ω and study the resulting cooperad object in dg commutative algebras. Unfortunately, due to incompatible monoidality properties of the functor Ω the collection Ω(T ) is not naturally a cooperad.
More concretely, the problem here is that one has a natural quasi-isomorphism
Ω(X) ⊗ Ω(Y) → Ω(X × Y), but no natural morphism in the other direction. There
are essentially three known approaches to work around this technical problem, by
(i) using operads up to homotopy or (ii) changing the functor Ω or (iii) to use
completed tensor products in the smooth setting.
While all three approaches have been used in the literature, we use here approach (ii). We shall follow Fresse’s rational homotopy theory for operads, see
Fresse [n.d.] and Fresse and Willwacher [2015, section 0], which we briefly outline.
For brevity we call a cooperad in dg commutative algebras a Hopf cooperad. Fresse
constructs a Quillen adjunction
Ω♯ : sSet-Op ⇆ Hopf-Opc : G
between the model categories of reduced operads in simplicial sets, and that of dg
Hopf cooperads. The functor Ω♯ here is defined as left adjoint of the realization
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functor G and shall be seen as an operadic upgrade of Sullivan’s functor Ω. In
each arity, Ω♯ is weakly equivalent to Ω.
For our purposes, studying the rational homotopy type of a topological operad
T amounts to studying the quasi-isomorphism class of the dg Hopf cooperad Ω♯ (T ),
where we again quietly extend Ω♯ to topological spaces instead of simplicial sets,
taking singular simplices. Furthermore, if S and T are simplicial (or topological)
operads, then one can use the Quillen adjunction above to compute
MapsSet-Op (S, T Q ) = MapsSet-Op (S, G(Ω♯ (T ))) ≃ MapHop f Opc (Ω♯ (T ), Ω♯ (S)).
We finally note that Fresse’s framework has the downside that it requires our
operads to be reduced, i.e., that T (0) = T (1) = ∗ is a point. Unfortunately
the little disks operads introduced above are not reduced, since Dn (1) is not a
point, only contractible. However, there are homotopy equivalent variants of Dn ,
for example the Fulton-MacPherson operad FMn Getzler and Jones [1994], which
are reduced. Generally, an En operad is a topological operad weakly equivalent
to Dn . In the following we will abuse the notation a bit and denote by En some
chosen reduced operad weakly equivalent to Dn . Furthermore, for technical reasons
the arity zero operations in T (0) = ∗ are encoded in a Λ-structure instead of
considering them as operations in the operad. A Λ-structure is the collection of
all possible composition maps with nullary operations T (r + s) → T (r), which
are required to satisfy natural compatibility relations. For simplicity of notation
we will hide this further technical complication and do not mark the presence
of the Λ-structure in our notation. We refer to Fresse’s book Fresse [n.d.] for
details. It is shown in Fresse, Turchin, and Willwacher [2017a] that the mapping
spaces computed in the category of reduced operads are weakly equivalent to
those computed in the full category of operads, thus justifying our restriction to
the reduced setting.
3.3 Formality and intrinsic formality of En operads. Today the rational homotopy types of the little disks operads are fully understood through the following
Theorem.
Theorem 5 (Formality Theorem for the En operads). The dg Hopf cooperads Ω♯ (En )
are formal, i.e., connected by a chain of weak equivalences to the cohomology
cooperad ecn = H(En ).
The Theorem has the following history. The formality of E2 was first shown by
Tamarkin [2003]. The statement for higher n was first established by Kontsevich
[1999], albeit over the ground ring R. It has then been noted in Guillén Santos,
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Navarro, Pascual, and Roig [2005] that Kontsevich’s statement can be improved
to yield formality over Q, provided one disregards the arity zero operations in the
cooperads. Finally, the remaining statement of formality over Q with zero-ary
operations was shown by Fresse and the author in Fresse and Willwacher [2015].
Also, surprisingly, we were able to show a significantly stronger result. A dg
Hopf cooperad C is called intrinsically formal if any dg Hopf cooperad D with
H(D) ≃ H(C) is weakly equivalent to C. One then has:
Theorem 6 (Intrinsic formality for the little diks operadsFresse and Willwacher
[ibid.]). The dg Hopf cooperad Ω♯ (En ) is intrinsically formal for n ≥ 3 and n not
divisible by 4. If n ≥ 3 is divisible by 4, one does not have intrinsic formality, but
the following statement is retained: Suppose that D is another dg Hopf cooperad
such that H(D)  H(En ). Suppose further that I : D → D is an involution which
agrees on cohomology with the canonical involution of En by mirror reflection along
a coordinate axis. Then D ≃ H(En ).
For n = 2 the analogous statement is an open conjecture.
Conjecture 7. The little 2-disks operad is rationally intrinsically formal.
In fact, this conjecture would follow from the vanishing Conjecture 3 on the
graph cohomology above.
To conclude this subsection let us also remark on several closely connected
formality questions for the little disks operads. First we note that the little disks
operads come with natural maps Dm → Dn . One may ask what the rational (or
real) homotopy type of these maps are. The question has been answered in works of
Turchin and the author Turchin and Willwacher [2014] and Fresse and the author
Fresse and Willwacher [2015], improving upon earlier results by Lambrechts and
Volić Loday and Vallette [2012].
Theorem 8 (Fresse and Willwacher [2015], Turchin and Willwacher [2014], and
Loday and Vallette [2012]). Let n ≥ m ≥ 1. Then the map Em → En is rationally
formal for n − m , 1, and not formal (even over R) for n − m = 1.
Furthermore the real homotopy type of the map En−1 → En can be fully described.
In a different direction, note that the group O(n) naturally acts on the little n-disks operad D(n). One can hence ask whether the operad D(n) is O(n)equivariantly formal or not. This is equivalent to asking whether the framed little
disks operads are formal or not. This latter question has also been answered by
now: The framed little 2-disks operad D2f r was shown to be formal by Giansiracusa and Salvatore [2010] (over R) and independently by Ševera [2010] (over Q).
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Furthermore, the formality (over R) of Dnf r for n is even is shown in Khoroshkin
and Willwacher [2017]. For n ≥ 3 odd the operad Dnf r is not formal, but explicit
“small” models capturing the real homotopy type can be found Khoroshkin and
Willwacher [2017] and Moriya [2017]
At present, the (arguably) most important remaining open problem regarding
the formality of the little disks operads is the following.
Open Problem 9. Determine the O(m) × O(n − m)-equivariant rational homotopy
type of the Map Dm → Dn .
This homotopy type appears for example in connection to the Goodwillie-Weiss
manifold calculus, see Section 5 below.
3.4 Kontsevich’s graphical model for En . The intrinsic formality statement (Theorem 6 above) can be shown by an analysis of the graph complex GCn discussed in
Section 2. The object that builds the bridge are the graphical models Graphsn for
the En opeads introduced by Kontsevich [1999]. More concretely, one defines a collection of dg commutative algebras Graphsn (r) as follows. The space Graphsn (r) is
the space of linear combinations of isomorphism classes of graphs of the following
type:
• The graph is an undirected graph with r numbered “external” vertices, and
an arbitrary (but finite) number of “internal” vertices.
• All internal vertices have valence at least 2.
• Every connected component contains at least one external vertex.
• Graphs are equipped with an orientation, as in Section 2, and we identify
orientations up to sign. More concretely, for n even an orientation is an
ordering of the edges, while for n odd an orientation is an odering of the set
of half-edges and vertices. As discussed before, the presence of the orientation
renders graphs with odd symmetries zero
The following is an examples of a graph in Graphsn (5).

1 2 3 4 5
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The space Graphsn (r) is equipped with a differential by edge contraction, schematically:

δ

δ

=

=

.

Furthermore, we have a commutative product by gluing two graphs along the
external vertices.
1 2 3 4 ∧ 1 2 3 4 = 1 2 3 4
It is clear that Graphsn (r) is free as a graded commutative algebra, generated by
graphs that are internally connected, i.e., connected after removal of the external
vertices.
Furthermore there is cooperad structure on the collection Graphsn , with the
coproduct being the contraction of subgraphs. More precisely, for the generating
cocomposition ∆T corresponding to a tree

1

··· k − 1
k

···

r

we have that
(9)

∆T (Γ) =

∑

Γ/γ ⊗ γ,

γ

where the sum is over all subgraphs γ ⊂ Γ containing the external vertices k, . . . , r
and no other external vertices, and the graph Γ/γ is obtained by contracting γ to
one external vertex. Here is an example for r = 4 and k = 2:

∆T 1 2 3 4 = 1 2 ⊗ 1 2 3 + 1 2 ⊗ 1 2 3
In this formulas, and more generally (9) there is a natural way to define an orientation on the graphs on the right-hand side of the equation, given an orientation
on the left-hand side, thus fixing the signs.

LITTLE DISKS OPERADS AND FEYNMAN DIAGRAMS

1275

Finally, we note that for n ≥ 2 we have a map of dg Hopf cooperads
Graphsn → H(Dn ) = ecn ,
which is defined by sending any graph with internal vertices to zero, and sending
a graph Γ without internal vertices and edges (i1 , j1 ), . . . , (ik , jk ) to
ωi1 j1 · · · ωik jk ,
cf. Theorem 4. Kontsevich and Lambrechts-Volić have then shown:
Proposition 10 (Kontsevich [1999] and Loday and Vallette [2012]). The map of dg
Hopf cooperads Graphsn → ecn above is a quasi-isomorphism.
The advantage of the dg Hopf cooperad Graphsn over the smaller weakly equivalent cooperad ecn is that it has a large group of automorphism. More precisely we
may consider the dg Lie algebra
(10)

QL ⋉ GCn ,

where the generator L on the left acts on a graph by multiplication with the loop
order.
[L, γ] = (#loops) · γ
The statement is now that the dg Lie algebra (10) acts on the Hopf cooperad
Graphsn by biderivations, i.e., compatibly with both the cooperad and the dg
commutative algebra structures. More concretely, the action of the generator L
on a graph Γ ∈ Graphsn is by
L · Γ = (#(edges) − #(internal vertices))Γ.
The action of γ ∈ GCn on Γ ∈ Graphsn can be defined combinatorially as the
contraction of subgraphs of shape γ in Γ, see Willwacher [2015b] for more details
and the explicit formula.
3.5 A sketch of a proof of Theorem 6. As an illustration of the connection between the graph complexes GCn of Section 2 we sketch here a proof of our intrinsic
formality theorem (Theorem 6 above). We deviate slightly from the original reference Fresse and Willwacher [2015], where a different approach was used, using
Bousfield’s obstruction theory. The proof proceeds along the following sequence
of steps.
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1. As for most algebraic objects, we can define a deformation complex
Def(C, D) for Hopf cooperads C and D, governing maps between C and
D. More concretely, Def(C, D) is a dg Lie or L∞ -algebra, whose MaurerCartan elements correspond to maps from a cofibrant replacement of C to
a fibrant replacement of D. In particular H 2 (Def(C, D)) is a space of potential obstructions to constructing such maps. Furthermore, given a Hopf
operad map f : C → D and the corresponding Maurer-Cartan element α f ,
f

the twisted dg Lie algebra Def(C →
− D) := Def(C, D)α f governs deformations
of the map f . We refer to Fresse, Turchin, and Willwacher [2017b, sections
3, 5] for details.
id

We are interested in particular in Def(ecn ) := Def(ecn −→ ecn ), governing automorphisms of ecn = H(Dn ). If D is a Hopf cooperad with H(D) = ecn ,
then H 2 (Def(ecn )) appears as a space of potential obstructions of lifting the
=
cohomology map ecn −→ H(C) to a weak equivalence of Hopf cooperads between ecn and C. Our goal henceforth is to understand the space H 2 (Def(ecn )),
obstructing the intrinsic formality of the little n-disks operad.
2. If g is a dg Lie algebra acting on ecn , or a quasi-isomorphic object, we obtain
a map H(g) → H(Def(ecn ))[1]. It turns out that in the case of g = QL ⋉ GCn
acting on Graphsn ≃ enc as described above the resulting map
QL ⊕ H(GCn ) → H(Def(ecn ))[1]
is an isomorphism. This means in particular that the space of (potential)
obstructions to intrinsic formality is given precisely by H 1 (GCn ).
3. By the degree counting result (6) we hence see that for n ≥ 3 the only
possible obstructions are given by the graph cohomology classes represented
by multiples of the loop graphs (4) appearing in (5). These graphs live in
degree 1 only if n is divisible by 4. The intrinsic formality statment hence
follows for n ≥ 3 not divisible by 4.
4. Suppose next that n ≥ 3 is divisible by 4. One can check that the O(n) action
on En is such that conjugation with the involution S ∈ O(n) flipping the sign
of one of the coordinates amounts to a multiplication of graphs in GCn by
(−1)#loops . One can hence conclude that under the additional requirement
of the presence of an involution on the operad as in Theorem 6, the relevant
obstructions to intrinsic formality lie in the even loop order part H(GCn )Z2 .
Hence the one-loop graphs cannot contribute.
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By a similar analysis one can also make statements about the homotopy automorphisms of ecn for n ≥ 3. Infinitesimally, they are governed by QL ⋉ H 0 (GCn ).
The piece QL corresponds to the “trivial” automorphisms S λ : ecn → ecn which
just rescale the Lie cobracket by the factor λ ∈ Q× . By invoking again the degree counting result 6 we see that (for n ≥ 3) H 0 (GCn ) = 0 if n , 3 mod 4 and
otherwise H 0 (GCn ) is one-dimensional, spanned by Ln . Hence one can say that
for n ≥ 3 the rationalization of the little n-disks operad has non-trivial homotopy
automorphisms only if n = 4k + 3, and then only a 1-parameter family of such.
Note that this is in striking contrast to the case of n = 2, where the homotopy
automorphisms form the infinite dimensional Grothendieck-Teichmüller group, cf.
Fresse [n.d.] or Theorem 1.

4 Mapping spaces and long knots
Let us turn again to the computation of the rational homotopy type of the space
of long knots. Using the result (3) from the Goodwillie-Weiss embedding calculus
we see that the quantity to evaluate is the mapping space Maphop (Em , En ). We are
interested in the rationalization of this space. By Fresse, Turchin, and Willwacher
[2017b, Theorem 15 and Proposition 6.1] the rationalization is weakly equivalent
to the space
Maphop (Em , EnQ ) ≃ MaphHopf-Opc (Ω♯ En , Ω♯ Em ) ≃ MaphHopf-Opc (ecn , ecm )
if n − m ≥ 3. For the last equivalence one uses the formality result of the previous
section.
The space on the right-hand side of the above equation can be expressed
through purely combinatorial data, and shown to be weakly equivalent to the
nerve (Maurer-Cartan space) of the Lie algebra of hairy graphs HGCm,n .
Theorem 11 (Fresse, Turchin, and Willwacher [ibid.]). For n ≥ m ≥ 2 we have that
ˆ Ω poly (∆• ))
MaphHopf-Opc (ecn , ecm ) ≃ MC• (HGCm,n ) := MC(HGC⊗
where the hairy graph complex HGCm,n is equipped with the Lie algebra structure
of Section 2.1.
In fact, the same statement continues to hold for m = 1, if one modifies the Lie
algebra structure on HGC1,n to an L∞ -algebra structure described in Willwacher
[2015a].
Theorem 11 states in particular that the real homotopy type of the spaces of
long knots in codimension n − m ≥ 3 is fully expressed through combinatorial data
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encoded in the graph complexes. In particular one finds that for k ≥ 0 and n−m ≥ 3
(see also Arone and Turchin [2015] for an earlier but weaker result)
Q ⊗ πk (Emb∂ (Rm , Rn ))  H −k−m (HGCm,n ).
Since the cohomology of the graph complex HGCm,n can be explicitly computed in
low degrees as described in Section 2.1, this result allows us to compute rational
homotopy groups for low degrees k explicitly. As one application, let us consider
here the case k = 0, detecting nontrivial knottings of Rm in Rn . From the degree
bound (8) we conclude that the only possible contribution can come from graphs
in loop order 0, and those graph cohomology classes are listed in (7). Concretely
the “line” graph of degree n − m − 2 occurring for n − m even produces nontrivial
knottings if n = 4 j − 1 and m = 2 j for some j. Similarly the tripod graph of degree
2(n − m) − 3 occurring for n − m odd yields nontrivial zeroth homotopy n = 6 j and
m = 4 j − 1 for some j, see Fresse, Turchin, and Willwacher [2017b, Corollary 20].
In particular one hence recovers Haefliger’s classical result Haefliger [1965] on the
existence of non-trivial knots of dimension 4 j − 1 in 6 j-space.

5 Outlook, extensions and open problems
Above we have seen that a rational version of the Goodwillie-Weiss manifold calculus can be used to compute the rational homotopy type of the space of higher
dimensional long knots through the combinatorial structure of the graph complexes HGCm,n . Evidently, one can similarly hope to attack arbitrary embedding
spaces Emb(M, N) via the rationalized Goodwillie-Weiss calculus. To complete
this program one in particular needs to understand the rational homotopy types
of all spaces and operads involved. As of today, at least over the reals, we understand the real homotopy types of (unframed) configuration spaces of points on
compact orientable manifolds through the works Campos and Willwacher [2016]
and Idrissi [2016]. Also, we understand the real homotopy type of the framed little
disks operads Khoroshkin and Willwacher [2017]. The main open problem is the
following.
Open Problem 12. Determine the real or rational homotopy type of the n-framed
configuration spaces of points on a manifold M as a right Enf r -module, where n ≤
dimM.
This problem is also closely related to Open Open Problem 9 above.
After the real or rational homotopy types of the aforementioned objects are understood there should be no principle obstacle for generalizing the mapping space
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space computations we reviewed here to arbitrary M and N. I can even describe
the expected form of the graph complexes replacing the hairy graph complexes
HGCm,n in this setting. The relevant graphs should be hairy graphs as before, except that the hairs are additionaly decorated by a dgca model for the source space
M, and the internal vertices may be decorated by the homology of the target N as
in Campos and Willwacher [2016].
Unfortunately, the embedding calculus is fully applicable only in codimensions
dimN − dimM ≥ 3. In lower codimension one still has the map (2) (from left to
right), but one can not assert it to be a weak equivalence. Nevertheless I expect
that valuable information about the left-hand side can be obtained from the righthand side. For example, in codimension 0, we have a map into the homotopy
automorphisms of right framed-little disks (co)modules
(11)

Diff(M) → Auth

fr

Ω(En )-comod

(Ω(conf M )).

I claim that the right-hand side can be computed and expressed through graph
complexes. This then provides an arena in which one can study diffeomorphism
groups, although the map (11) is generally not (expected to be) a rational homotopy equivalence.

References
Vladimir Arnold (1969). “The cohomology ring of the group of dyed braids”. Mat.
Zametki 5, pp. 227–231 (cit. on p. 1269).
G. Arone and V. Turchin (2014). “On the rational homology of high-dimensional
analogues ofspaces of long knots”. Geom. Topol. 18.3, pp. 1261–1322 (cit. on
p. 1268).
– (2015). “Graph-complexes computing the rational homotopy of high dimensionalanalogues of spaces of long knots”. Ann. Inst. Fourier 65.1, pp. 1–62 (cit. on
pp. 1269, 1278).
Francis C. S. Brown (2012). “Mixed Tate Motives over Spec(Z)”. Annals of Math.
175.2, pp. 949–976 (cit. on p. 1265).
Ricardo Campos and Thomas Willwacher (2016). “A model for configuration
spaces of points”. arXiv: 1604.02043 (cit. on pp. 1261, 1278, 1279).
Fred R. Cohen (1976). “The homology of Cn+1 -spaces, n ≥ 0”. Lecture Notes in
Mathematics 533, pp. 207–351 (cit. on p. 1269).
J. Conant, J. Costello, V. Turchin, and P. Weed (2014). “Two-loop part of the
rational homotopy of spaces of long embeddings”. J. Knot Theory Ramifications
23.4, p. 1450018 (cit. on p. 1268).

1280

THOMAS WILLWACHER

V. G. Drinfeld (1990). “On quasitriangular quasi-Hopf algebras and on a group
that isclosely connected with Gal(Q/Q)”. Russian. Algebra i Analiz 2.4, pp. 149–
181 (cit. on p. 1265).
J. Ducoulombier and V. Turchin (2017). “Delooping manifold calculus tower on a
closed disc”. arXiv: 1708.02203 (cit. on p. 1261).
W. Dwyer and K. Hess (2012). “Long knots and maps between operads”. Geom.
Topol. 16.2, pp. 919–955 (cit. on p. 1261).
B. Fresse, V. Turchin, and T. Willwacher (2017a). “The homotopy theory of operad
subcategories”. To appear in the Journal of Homotopy and Related Structures.
arXiv: 1703.06093 (cit. on p. 1271).
B. Fresse and T. Willwacher (2015). “The intrinsic formality of En -operads”. arXiv:
1503.08699 (cit. on pp. 1261, 1270, 1272, 1275).
Benoit Fresse (n.d.). Homotopy of Operads and Grothendieck-Teichmüller Groups.
Mathematical Surveys and Monographs. American Mathematical Society (cit.
on pp. 1262, 1270, 1271, 1277).
Benoit Fresse, Victor Turchin, and Thomas Willwacher (2017b). “The rational
homotopy of mapping spaces of En operads”. arXiv: 1703.06123 (cit. on pp. 1261,
1269, 1276–1278).
Ezra Getzler and J. D. S. Jones (1994). “Operads, homotopy algebra and iterated
integrals for double loop spaces”. arXiv: hep-th/9403055 (cit. on p. 1271).
Jeffrey Giansiracusa and Paolo Salvatore (2010). “Formality of the framed little 2discs operad and semidirectproducts”. Contemp. Math. 519, pp. 115–121. MR:
2648708 (cit. on p. 1272).
F. Guillén Santos, V. Navarro, P. Pascual, and A. Roig (2005). “Moduli spaces
and formal operads”. Duke Math. J. 129.2, pp. 291–335. MR: 2165544 (cit. on
p. 1271).
André Haefliger (1965). “Knotted (4k − 1)-spheres in 6k-space”. Ann. Math. 75.2,
pp. 452–466 (cit. on p. 1278).
Najib Idrissi (2016). “The Lambrechts–Stanley Model of Configuration Spaces”.
arXiv: 1608.08054 (cit. on pp. 1261, 1278).
A. Khoroshkin, T. Willwacher, and M. Živković (2015). “Differentials on graph
complexes II - Hairy Graphs”. arxiv:1508.01281 (cit. on p. 1269).
– (2017). “Differentials on graph complexes”. Adv. Math. 307, pp. 1184–1214 (cit.
on p. 1265).
Anton Khoroshkin and Thomas Willwacher (2017). “Real models for the framed
little n-disks operads ”. arXiv: 1705.08108 (cit. on pp. 1273, 1278).
Jan A. Kneissler (2000). “On spaces of connected graphs. I. Properties of ladders”.
Ser. Knots Everything 24, pp. 252–273 (cit. on p. 1265).

LITTLE DISKS OPERADS AND FEYNMAN DIAGRAMS

1281

– (2001a). “On spaces of connected graphs. II. Relations in thealgebra Λ”. J. Knot
Theory Ramifications 10.5. Knots in Hellas ’98, Vol. 3 (Delphi), pp. 667–674
(cit. on p. 1265).
– (2001b). “On spaces of connected graphs. III. The ladder filtration”. J. Knot
Theory Ramifications 10.5. Knots in Hellas ’98, Vol. 3 (Delphi), pp. 675–686
(cit. on p. 1265).
Maxim Kontsevich (1993). “Formal (non)commutative symplectic geometry”, pp. 173–
187 (cit. on p. 1264).
– (1999). “Operads and motives in deformation quantization”. Lett. Math. Phys.
48.1. Moshé Flato (1937–1998), pp. 35–72 (cit. on pp. 1271, 1273, 1275).
J.-L. Loday and B. Vallette (2012). Algebraic Operads. Grundlehren der mathematischen Wissenschaften 346. Berlin: Springer (cit. on pp. 1262, 1272, 1275).
J. P. May (1972). The geometry of iterated loop spaces. Lectures Notes in Mathematics, Vol. 271. Springer-Verlag, Berlin-New York, pp. viii+175 (cit. on p. 1262).
Syunji Moriya (2017). “Non-Formality of the Odd Dimensional Framed Little Balls
Operads”. International Mathematics Research Notices (cit. on p. 1273).
“P. Etingof’s conjecture about Drinfeld associators” (2014). arXiv: 1404.2047 (cit.
on p. 1265).
Pavol Ševera (2010). “Formality of the chain operad of framed little disks”. Lett.
Math. Phys. 93.1, pp. 29–35. MR: 2661521 (cit. on p. 1272).
Dmitry E. Tamarkin (2003). “Formality of chain operad of little discs”. Lett. Math.
Phys. 66.1-2, pp. 65–72. MR: 2064592 (cit. on p. 1271).
Victor Turchin and Thomas Willwacher (2014). “Relative (non-)formality of the
little cubes operads and the algebraic Cerf Lemma”. arXiv: 1409.0163 (cit. on
p. 1272).
Pierre Vogel (2011). “Algebraic structures on modules of diagrams”. J. Pure Appl.
Algebra 215.6, pp. 1292–1339 (cit. on p. 1265).
Michael Weiss (1999). “Embeddings from the point of view of immersion theory.
I”. Geom. Topol. 3, 67–101 (electronic) (cit. on p. 1260).
Michael Weiss and Pedro Boavida de Brito (2013). “Manifold calculus and homotopy sheaves”. Homology Homotopy Appl. 15.2, pp. 361–383 (cit. on p. 1260).
– (2015). “Spaces of smooth embeddings and configuration categories”. arXiv:
1502.01640 (cit. on p. 1261).
Michael Weiss and Thomas G. Goodwillie (1999). “Embeddings from the point
of view of immersion theory. II”. Geom. Topol. 3, 103–118 (electronic) (cit. on
p. 1260).
Thomas Willwacher (2015a). “Deformation quantization and the Gerstenhaber
structure on the homology of knot spaces”. arXiv: 1506.07078 (cit. on p. 1277).

1282

THOMAS WILLWACHER

Thomas Willwacher (2015b). “M. Kontsevich’s graph complex and the GrothendieckTeichmüller Lie algebra”. Invent. Math. 200.3, pp. 671–760 (cit. on pp. 1264,
1265, 1268, 1275).
Thomas Willwacher and Marko Živković (2015). “Multiple edges in M. Kontsevich’s graph complexes andcomputations of the dimensions and Euler characteristics”. Adv. Math. 272, pp. 553–578. MR: 3303240 (cit. on p. 1267).
Received 2018-02-27.
Thomas Willwacher
Department of Mathematics
ETH Zurich
Rämistrasse 101
8092 Zurich
Switzerland
thomas.willwacher@math.ethz.ch

