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ASYMPTOTIC ENUMERATION OF GRAPHS WITH GIVEN
DEGREE SEQUENCE
N

W

Abstract
We survey results on counting graphs with given degree sequence, focusing on
asymptotic results, and mentioning some of the applications of these results. The main
recent development is the proof of a conjecture that facilitates access to the degree
sequence of a random graph via a model incorporating independent binomial random
variables. The basic method used in the proof was to examine the changes in the
counting function when the degrees are perturbed. We compare with several previous
uses of this type of method.

1 Introduction
We sometimes count objects in a class simply because they are there. This is especially true
if they are abundantly occurring as mathematical objects (e.g. partitions, sets, or graphs
with certain properties), and then we are often pleased if we obtain a simple formula. For
example, the number of trees on n vertices is nn 2 . But we cannot hope for simple formulae in all cases, and even if we are extremely lucky and the formula is not very complicated,
it may be hard to find or difficult to prove. Yet a formula is often useful in order to prove
other things, and for such purposes we are frequently satisfied with an approximate or
asymptotic formula. For instance, many results in probabilistic combinatorics (see e.g.
Alon and Spencer [2000]) use such estimates.
The problems considered here involve graphs or, in an alternate guise, matrices. A nonnegative integer m  n matrix A with row sums r = (r1 ; : : : ; rm ) and column sums s =
(s1 ; : : : ; sn ) is equivalent to a bipartite multigraph G with vertex set V1 [ V2 where V1 =
fu1 ; : : : ; um g and V2 = fv1 ; : : : ; vn g. The (i; j ) entry of the matrix is the multiplicity of
the edge ui vj . Here A is the adjacency matrix of G. If A is 0-1 (binary) then G has no
multiple edges and is thus a (simple) bipartite graph. If every row sum is 2, then A is the
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incidence matrix of a multigraph with degree sequence s. If A is symmetric, then it is also
the adjacency matrix of a pseudograph H (where loops and multiple edges are permitted).
We can obtain H from G by identifying ui with vi , i = 1; : : : ; n. If A furthermore has
zero diagonal, then H is a multigraph, and if is in addition 0-1, then H is a graph. For
the bulk of this article, we discuss only the enumeration of graphs, bipartite graphs and
multigraphs on a given set of vertices, without mentioning the immediate corollaries for
matrices.
We focus on graphs with given degree sequence d = (d1 ; : : : ; dn ), where di is the
degree of vertex i . For this purpose we normally implicitly assume that n is the number
of vertices in the graphs concerned, and that they have vertex set f1; : : : ; ng. An early
example of a formula concerning such graphs is from Moon [1970]: the number of trees
with degree sequence d is precisely
!
n 2
(n 2)!
:
=
d1 1; : : : ; dn 1
(d1 1)!    (dn 1)!
A graph is d -regular if its degree sequence is (d; d; : : : ; d ). No such neat formula is
known for the number gd;n of d -regular graphs on n vertices, but we do have the asymptotic formula
2

(1-1)

gd;n

(d n)!e (d 1)/4
Q
∼
(d n/2)!2d n/2 di !

as n ! 1 with d fixed. Here a ∼ b means a = b(1 + o(1)), with o() the Landau
notation. This and many more developments are described in Section 2.
Counting graphs by degree sequence is strongly related to finding the distribution of
the degree sequence of a random graph on n vertices in either of the two most common
random graph models. In the model G(n; p), where edges occur independently and each
with probability p, the degree of a vertex is distributed binomially as Bin(n 1; p), but
the degrees of the vertices are not independent of each other. Bollobás [2001] devotes an
early chapter to this topic. The model G(n; p) can be viewed as a mixture of the models
G(n; m), where m is distributed
binomially as Bin n(n 1)/2; p . Here, G(n; m) has m

n
edges selected from all 2 possible positions uniformly at random. We use g(d) to denote
the number of graphs with degree sequence d. Then the probability that a random graph
n 
G 2 G(n; m) has degree sequence d can be evaluated precisely as g(d)/ (m2 ) .
McKay and Wormald [1990a] made a conjecture (which has now been verified) on the
number of graphs with degree sequence d, for a wide-ranging choice of possible vectors d
stated by Liebenau and Wormald [2017]. Let An and Bn be two sequences of probability
spaces with the same underlying set for each n. Suppose that whenever the event Hn
satisfies P (Hn ) = n O(1) in either model, it is true that PAn (Hn ) ∼ PBn (Hn ). Then we

ASYMPTOTIC ENUMERATION OF GRAPHS WITH GIVEN DEGREE

3265

say that An and Bn are asymptotically quite equivalent (a.q.e.). Also, throughout this paper
we use !(f (n)) to denote a function of n such that !(f (n))/f (n) ! 1 as n ! 1.
The conjecture from McKay and Wormald [1997] implies the following two propositions.
Let D(G) denote the (random) degree sequence of a random graph G. Define Bp (n)
to be the random sequence consisting of n independent binomial variables Bin(n 1; p).
We use QjF to denote the restriction of the probability space Q to an event F . The lack
of specification of p in the following is due to the obvious fact that the restricted space
Bp (n) jΣ=2m is independent of p. The restriction imposed on m in this proposition only
excludes graphs with so few or so many edges that their degree sequence is excruciatingly
boring.
Proposition 1.1. Let Σ denote the sum of the components of the random vector Bp (n).

Let 0 < p < 1. Then D(G(n; m)) and Bp (n) jΣ=2m are a.q.e. provided that maxfm; n2
mg = !(log n).
This gives a very appealing way to derive properties of the degree sequence of a random
graph with n vertices and m edges: consider independent binomials as above with p =
2m/n(n
p 1) and condition on the event Σ = 2m, which has (not very small) probability
Θ(1/ p(1 p)n2 ). Even more appealing, it was also shown in McKay and Wormald
[ibid.] that a statement like the above proposition would imply the following one.
Proposition 1.2. Let Σ denote the sum of the components of the random vector Bp̂ (n),
where p̂ is randomly chosen according to the normal distribution with mean p and variance p(1 p)/n(n 1), truncated at 0 and 1. Then D(G(n; p)) and Bp̂ (n) jΣ is even are
a.q.e. provided that p(1 p) = !(log3 n/n2 ).
This second proposition gives even easier access to properties of the degree sequence
of the random graph G(n; p), as conditioning on the parity of Σ is insignificant for many
properties, and the effect of the random choice of p̂ can be evaluated by integration. This
was all made explicit in McKay and Wormald [ibid.], where there are a number of helper
theorems to make it easy to transfer results from the independent binomial model Bp (n). It
was also observed in McKay and Wormald [ibid.], from known asymptotic formulae, that
p
the main conjecture (and hence also Propositions 1.1 and 1.2) holds when p = o(1/ n)
or p(1 p) > n/c log n. The gap between these ranges, where p(1 p) is between
p
roughly 1/ n and 1/ log n, was only recently plugged (see Section 4.1), which proved
the main conjecture of McKay and Wormald [1990a] in full.
This gives the following asymptotic formula for the number of graphs with given degree
sequence, that holds provided the degrees are reasonably close to each other. The degree
sequence of a random graph in G(n; p) with high probability falls into the range covered,
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for the p considered here. Given d, let
n

d=

1X
di ;
n
i =1

 = (n) = d /(n
and
2

= (n

1)

2

n
X
(di

1)

d )2 :

i=1

Also, given a sequence d with even sum 2m, let P (d) denote the probability that d occurs
in the model Bp (n) jΣ=2m . Using Stirling’s formula, we easily find
!
Y n 1
p

1  n(n 1)/2
P (d) ∼ 2( (1 )
)
:
di
Proposition 1.3. For some absolute constant  > 0,
(1-2)

g(d) ∼ exp

provided that d n is even, maxj jdj
g ! 1.

1
4

2
2

42 (1

)2



P (d)

d j = o(n minfd; n d

1g1/2 ) and n2 minf; 1

Note. Where we state asymptotics such as in (1-2) where we do not explicitly give d as
a function of n, there are two possible interpretations. One is that we do, indeed, consider
d a function of n. Then the limit easily makes sense, and the interpretation should be
that this holds for any d(n) satisfying the given constraints. The other interpretation is
that the asymptotic convergence should contain a bound that is uniform over all d under
consideration. The first interpretation is the default, and two interpretations are easily
seen to be equivalent when the permitted domain of d is suitably closed, such that one can
consider the ‘worst’ sequence d(n) for each n.
The validity of this formula cannot possibly extend to very “eccentric” degree sequences,
in particular certain non-graphical degree sequences (i.e. sequences for which no graph exists). Examples of degree sequences at the fringe of the formula’s validity can be obtained
as follows. Consider the degree sequence d with n/2 entries d +x and n/2 of d x, where
p
d = o( n) and x  d . By expanding the formula in McKay and Wormald [1991a, Theorem 5.2] appropriately, we can check that g(d) differs from the formula in (1-2) by a
factor exp x 6 (2d 2 x 2 )/nd 5 + o(1) . Hence, for such d and x, (1-2) is correct iff
x = o(n1/6 d 1/2 ), which is for all x  d when d = o(n1/3 ), but not for larger d .
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Formulae similar to (1-2) are also now known for bipartite graphs and loopless directed
graphs; see Section 2.3.
The next section traces the development of results on this problem. Section 3 gives a
description and observations on the basic approach used in Liebenau and Wormald [2017],
and Section 4 discusses applications of the results (and methods). Some open problems
are mentioned in the last section.

2

Results on enumeration of graphs by degrees

We focus on asymptotic results mainly because these formulae, for the problems of our
concern, are much simpler than the corresponding known exact formulae. Due to the
complexity of the exact formulae, they tend to be useless in proving results such as Propostions 1.1 and 1.2 and the applications in Section 4. For these, simple formulae are
generally required, even if only approximate. The interest in limiting behaviour is thus
prominent, as in many areas of mathematics.
2.1 Asymptotic results for graphs. Most of the following results come with explicit
error bounds in the asymptotic approximations. To keep the description simple, we omit
these error bounds, and similarly make little mention of a number of variations and extensions given in the papers quoted. The description in this section is basically in order
of increasing maximum degree of the graphs being treated. This largely corresponds to
chronological order, the main exception being for very dense graphs with degrees approximately cn.
Our story begins with Read [1958] thesis. Using Polya’s cycle index theory and manipulation of generating functions, Read found a formula for the number of graphs with
given degree sequence, from which he was able to obtain a simple asymptotic formula in
the case of the number g3 (n) of 3-regular graphs:
(2-1)

g3 (n) ∼

(3n)!e 2
:
(3n/2)!288n/2

(Here n is restricted to being even, as it is in all our formulae when the total degree parity
condition forces it.)
Further progress on enumeration of regular graphs was stymied by the lack of an amenable
approach. However, before long significant developments occurred in enumeration of
m  n non-negative integer matrices, which in the case of 0-1 matrices correspond to bipartite graphs. Let b(r; s) denote the number of 0-1 matrices, of dimensions m  n, with
row sum vector r and column sum vector s. We refer to the entries of a vector r as ri ,
entries of s as si , and so on. We can assume these vectors have equal sums, and define for
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a vector d
M1 (d) =

X

di ;

and in general

Mj (d) =

i

X
[di ]j
i

where [x]j = x(x 1)    (x j + 1). O’Neil [1969] showed that, as long as m = n and
some  > 0 satisfies ri ; si  (log n)1/4  for all i ,
(2-2)

M1 !e ˛
Qn
i =1 si !
i=1 ri !

b(r; s) ∼ Qm

as M1 ! 1, where ˛ = M2 (r)M2 (s)/2M12 and M1 = M1 (r) = M1 (s). Of course, in
the corresponding bipartite graphs, M1 is the number of edges and r and s are the degree
sequences of the vertices in the two parts.
For fixed r, Everett and P. R. Stein [1971/72] gave a different proof for the r-regular
case of (2-2), i.e. ri = si = r for all i (in particular this again requires m = n), using
symmetric function theory. This is the bipartite version of (1-1).
A. Békéssy, P. Békéssy, and Komlós [1972] showed that (2-2) holds even for m ¤ n, as
long as there is a constant upper bound on maximum degree of the corresponding graphs,
i.e. maxi ri and maxi si . They used the following model. Consider n buckets, and M1
balls with ri labelled i, 1  i  m. Distribute the balls at random in the buckets by
starting with a random permutation of the balls, placing the first s1 into bucket 1, the next
s2 into bucket 2, and so on. (The balls and buckets are all mutually distinguishable.) Each
distribution corresponds to a matrix whose (i; j ) entry is the number of balls labelled i
falling into bucket j . In this model, it is easy to see that the 0-1 matrices with row sum
vector r and column sum vector s are equiprobable. The number of permutations is M1 !,
and the number of these corresponding to any one 0-1 matrix is the denominator of (2-2).
Hence (2-2) follows once we show that the event that no entry is at least 2 has probability
e ˛+o(1) . This is done using an inclusion-exclusion technique, equivalent to applying
Bonferroni’s inequalities or Brun’s sieve.
Mineev and Pavlov [1976] used more accurate analysis of the same model to show
that (2-2) still holds with maxium degree ( log n)1/4 for < 2/3, and a slightly more
extended range in the regular case.
Bender [1974] used a model equivalent to that in A. Békéssy, P. Békéssy, and Komlós
[1972] to obtain results for matrices with integer entries in the range [0; : : : ; t ], but with
bounded row and column sums. He allowed some entries to be forced to be 0. This permits
the diagonal to be forced to be 0 in the case m = n, hence giving a formula for the number
of loopless digraphs with given in- and out-degree sequence.
About 20 years passed from Read’s result (2-1) for the 3-regular case, before any advance was made in the case of non-bipartite graphs. In 1978 Bender and Canfield [1978]
showed that the number g(d), of graphs with degree sequence d with the maximum degree
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bounded, is given by
(2-3)

g(d) ∼

M1 !e ˛
Q
(M1 /2)!2M1 /2 ni=1 di !

where ˛ = M2 /2M1 + M22 /4M12 , and Mj = Mj (d) for all statements about graphs.
For this result, they used a model of involutions of a set of cardinality M1 partitioned into
blocks of sizes d1 ; d2 ; : : : ; dn . When there are no fixed points, we can regard the two elements in a 2-cycle of an involution as two balls of the same label, to recover the model of
Békéssy et al. applied to the incidence matrix of graphs. (Bender and Canfield obtained
other results for symmetric matrices with nonzero diagonal, in which the involutions are
permitted to have fixed points.) We easily see that the number of such involutions corresponding to a given simple graph is precisely the denominator in (2-3), since the labels
of the edges are immaterial, giving a factor (M1 /2)! in addition to the considerations applied for the matrix counting in (2-2). The factor e ˛ is shown to be asymptotically the
probability that the graph obtained in the model is simple. We call this event S.
Independently, in my PhD thesis Wormald [1978] I used the asymptotic results of A.
Békéssy, P. Békéssy, and Komlós [1972] for bipartite graphs, to derive (2-3) for bounded
degrees.
Bollobás [1980] gave the configuration model, in which di objects, commonly called
half-edges, are assigned to each vertex i, and then paired up at random. Two paired halfedges form an edge joining the corresponding vertices. It is readily seen that conditioning
on no loops or multiple edges gives a uniformly random graph. This is clearly equivalent
to the earlier models, such as the involution model of Bender and Canfield, where each
2-cycle corresponds to two paired half-edges. The
p model was used in Bollobás [ibid.] to
extend the validity of (2-3) to maximum degree 2 log n 1, provided that a certain lower
bound on the number of edges (M1 /2) is satisfied. In place of the inclusion-exclusion
based arguments in the earlier papers, Bollobás used the method of moments for Poisson
random variables, which is essentially equivalent. Using this model, we can write
(2-4)

jΦjP (S)
g(d) = Q
di !


where Φ is the set of pairings in the model, with jΦj = M1 !/ (M1 /2)!2M1 /2 .
Aside from enumeration results, Bollobás [1981], and then many others, found the
configuration model a convenient starting point to prove properties of random graphs with
given degrees.
Several further developments involved estimating P (S) for a wider range of degree
sequences.
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For the bipartite case, Bollobás and McKay [1986] extended the validity of the formula
to cover m  n when maximum degree is at most log1/3 m and a certain lower bound on
the number of edges is satisfied.
Again for the bipartite case, McKay [1984] then took a much bigger step, by introducing switchings as a technique for this problem. (See Section 3.1 for a detailed description of this method, including some subsequent developments mentioned below.) He
obtained (2-2) under conditions that are a little complicated to state in general, but apply
for all r = o(n1/3 ) in the r-regular case (i.e. ri = si = r for all i , and m = n).
McKay [1985] applied the same technique to the graph case, with a similar restriction
on degrees, again obtaining (2-3) with the same formula for ˛.
From this point onwards, the results for the two cases, graphs versus bipartite graphs,
have generally been obtained more or less in tandem using the same methods, so we continue tracing only the graph case in detail.
It was evident that with considerably more effort, the switching approach should extend
to higher degrees, but at the expense of much case analysis, which was enough of a deterrent to stifle such further development. Instead, after several years, McKay and Wormald
[1991a] found a different version of switchings that enabled a much easier advance. The
1/3
result was that for degree sequences with ∆ = o(M1 ), (2-4) holds with
 M
2
P (S) = exp
2M

 ∆3 
M22 M3
M24
M32
+
+
+
O
:
2M 4
4M 5
6M 3
M
p
This covers the d -regular case for d = o( n).
Janson [2009, 2014] was interested in characterising the degree sequences for which
P (S) ! 0. He showed by analysing the configuration model for degree sequence d, using
the method of moments, that for M1 = Θ(n),
X
P (S) ! 0 iff
di2 /n ! 1;
M22
4M 2

and that for M2 = O(M1 ) and M1 ! 1, we have the asymptotic formula
P (S) = exp
p



1X
i i
2

X

ij


log(1 + ij ) + o(1)

i<j

where ij = di (di 1)dj (dj 1)/(2M1 ). This was the first general result to apply
p
to some sequences with maximum degree as large as n.
Gao and Wormald [2016] analysed cases in which the configuration model produces
edges of much higher multiplicity than previous studies, using a major extension of the
switching method mentioned above. This resulted in an asymptotic formula for g(d) when
d satisfies some very complicated conditions. We describe one simple consequence. We
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say (d1 ; : : : ; dn ) is power-law distribution-bounded with parameter if there exists C > 0
P
such that the number of di taking value at least i is at most C n j i j
for all i and
n. This condition restricts the maximum di to O(n1/( 1) ). Before Gao and Wormald
[ibid.], there were no asymptotic enumeration formulae for such sequences when  3.
However, many naturally occurring networks seem to have power law degree sequences
with < 3. From Gao and Wormald [ibid., Theorem 3] (corrected), we see
p that if d is
a power-law distribution-bounded sequence with parameter 3 > > 1 + 3  2:732,
then with Φ given just after (2-4),



jΦj
M2
3 X
M1
g(d) = Q
+
+ +
log(1 + di dj /M1 ) + O  ;
exp
2
2M1
4
di !
i<j

2

)/( 1)
where  = n(2+2
.
Recently, Burstein and Rubin [2015] presented an approach that would give a formula
that is valid up to maximum degree n1 ı for any fixed ı > 0, using a finite amount of
computation. We say a little more about this in Section 3.3.
Liebenau and Wormald [2017] introduced a new approach and “plugged the gap” in
the formulae with the following result.

Theorem 2.1. Let 0 > 0 be a sufficiently small constant, and let 1/2  ˛ < 3/5. If
 = d /(n 1) satisfies   0 and, for all fixed K > 0, (log n)K /n = O(), and
jdi d j  d ˛ for all i 2 [n] then (1-2) holds (provided d n is even).
Together with the previous results, this establishes Proposition 1.3 and hence Propositions 1.1 and 1.2. The method seems strong enough to cover all the results mentioned
above, though some significant tinkering would need to be done to obtain the results for
eccentric degree sequences in Janson [2009, 2014] and Gao and Wormald [2016].
At this point, we travel slightly back in time to consider results for dense graphs. Of
course, extremely dense cases are covered by simply complementing the sparse cases
above. All results for graphs of average degree comparable with n are based on extracting
coefficients from the ‘obvious’ generating function:
Y
(2-5)
g(d) = [x1d1    xndn ]
(1 + xi xj ):
i <j

The generating function is derived by letting xi mark the degree of vertex i , so the term
xi xj denotes the presence of the edge ij and the term 1 denotes its absence. Coefficients
are extracted using Cauchy’s integral formula, for multiple dimensions.
McKay and Wormald [1990a] evaluated the integrals to obtain the result of Proposition 1.3 in the case that (1 ) > c/ log n for fixed c > 2/3.
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Barvinok and Hartigan [2013] used a similar approach, with different analysis, to obtain
a result for a wider range of degrees when minf; 1 g = Θ(1).
Independently and almost simultaneously with the completion of the proof of Proposition 1.3 in Liebenau and Wormald [2017], Isaev and McKay [2016] made an exciting new
advance, by developing the theory of martingale concentration for complex martingales,
which (amongst other things) enabled them to reproduce and extend the results in McKay
and Wormald [1990a] and Barvinok and Hartigan [2013], by better analysis of the integrals involved. Moreover, they recently report (by private communication) being able to
obtain a result, in a certain implicit form, that applies to a wide range of degree sequences
with average degree at least na for any fixed a > 0. They have used this to show in
particular that (1-2) is valid for the d -regular case with d = !(n1/7 ).

2.2 Exact enumeration for graphs. We include here only a selection of results that
bear some relation to our main topic of simple asymptotic formulae. These concern the
number gd (n) = g(d; d; : : : ; d ) of d -regular graphs on n vertices.
As mentioned above, Read [1960] found a formula for the number of graphs with given
degree sequence. His approach was to count the incidence matrices of the graphs, i.e. 0-1
matrices with column sums vector d and all row sums 2. Pólya’s Hauptsatz for enumeration under the action of the symmetric group was used to eliminate the distinction between
matrices that are equivalent up to permuting the rows (edges). To eliminate multiple edges,
Read used a version of the Hauptsatz in which the ‘figures’ are distinct. Unfortunately,
this gives a very complicated formula, involving generating functions for which the extraction of coefficients is difficult. Nevertheless, in the case of g3 (n), Read obtained a
formula containing a single summation that he analysed to obtain (2-1).
One can also ask for simple recurrence relations. There are two direct uses of these:
for efficient computation of the numbers, and also, as Read [1958] shows, the recurrence
relation can be combined with an asymptotic formula to deduce an asymptotic series expansion. Read did this in the case of 3-regular graphs, finding the first few terms of a
series in powers of n 1 . Read and Wormald [1980] found a similar recurrence for g4 (n).
Goulden, Jackson, and Reilly [1983] considered the generating function (2-5), in the
case of regular graphs, and obtained a different recurrence relation for g4 (n).
Gessel (90) showed recurrence relations exist for gd (n) when d is fixed. (To be precise,
he showed that the generating function for d -regular graphs is D-finite.) However, to our
knowledge, these recurrences have not been found explicitly for any d  5.
Chen and Louck [1999] obtained a formula for g3 (n) by first getting a formula for matrices with row sums 3 and column sums 2 (and related problems) using a little symmetric
function theory, and then using inclusion-exclusion to delete the multiple edges. The same
method should work for d > 3 but would appear to get rapidly much more complicated.
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2.3 Asymptotics for special types of graphs. Aside from Moon’s formula for trees
with given degree sequence mentioned in the introduction, many results are known on the
asymptotic number of trees of some given variety with given degree sequence. We refer
the interested reader to Drmota [2009].
As implied in Section 2, there have been further results on bipartite graphs, and a recent summary may be found in Liebenau and Wormald [2017]. In particular, that paper
completes the proof of the analogue of Proposition 1.1 in the case that the two sides of the
bipartite graph have reasonably similar cardinalities. See also Section 5.

2.4 Similar results for other structures. Greenhill and McKay [2013] obtained results
for multigraphs analogous to the graph results of McKay and Wormald [1991a], for a
similar range of degrees. Already in A. Békéssy, P. Békéssy, and Komlós [1972], the
number of bipartite multigraphs with given degree sequence (with bounded maximum
degree) was also obtained.
The results on graphs obtained in Liebenau and Wormald [2017] were accompanied by
similar results on loopless directed graphs.
Some results on hypergraphs have been obtained my means similar to those discussed
for graphs. For simplicity we omit these from the scope of this article.
A k  n Latin rectangle can be defined as an ordered set of k disjoint perfect matchings
which partition the edges of a bipartite graph (i.e. a properly k-edge-coloured bipartite
graph) on vertex sets V1 = f1; : : : ; ng and V2 = fn + 1; : : : ; 2ng. Asymptotic estimates of
the numbers of these were obtained for ever-increasing k by Erdős and Kaplansky [1946],
Yamamoto [1951], C. M. Stein [1978], culminating in the result of Godsil and McKay
[1990] for k = o(n6/7 ). In a recent preprint, Leckey, Liebenau, and Wormald [n.d.]
reached k = o(n/ log n) using the method described above for graph enumeration. See
Section 3.3.
Kuperberg, Lovett, and Peled [2017] have a different probabilistic approach to enumeration of several other kinds of regular combinatorial structures such as orthogonal arrays,
t -designs and certain regular hypergraphs.

3 The perturbation method
The author coined this term in Wormald [1996], to refer to enumeration methods based on
comparing the number of structures with a given parameter set to the numbers of structures
with slightly perturbed parameter sets. Overall, it can be expressed as estimating the ratio
of probabilities of “adjacent” points in a discrete probability space. How to estimate the
ratio depends on the application, and some examples are discussed below. It is relatively
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straightforward to use the information on ratios for adjacent points. We may use the following result, in which the probabilities actually occurring relate to P 0 and are compared
with those in some “ideal” probability space P . Here diam(F ) is the diameter of F .
Lemma 3.1 (Liebenau and Wormald [2017]). Let P and P 0 be probability spaces with the
same underlying set Ω. Let F be a graph with vertex set W  Ω such that PP (v); PP 0 (v) >
0 for all v 2 W. Suppose that 1 >  > 0 with minfPP (W); PP 0 (W)g  e  , and that
C; ı > 0 satisfy, for every edge uv of F ,
ˇ
ˇ
ˇ
ˇ
ˇlog PP 0 (u) log PP (u) ˇ  C ı:
(3-1)
ˇ
PP 0 (v)
PP (v) ˇ
Suppose further that diam(F )  r < 1. Then for each v 2 W we have
j log PP 0 (v)

log PP (v)j  rC ı + O():

The proof is entirely straightforward, using a telescoping product of ratios along a path
joining u to v of length at most r.
Note: if the error function ı depends on u and v, it might be possible to take advantage
of this and finish with a smaller error term than what is suggested by the lemma. In the
applications so far, this would not give any significant gain.
Estimating the ratios of adjacent probabilities, and hence ı, is the main requirement
for applying the method. We describe several different but related examples. The overall
structure of the arguments in most cases was phrased differently from Lemma 3.1, but is
essentially equivalent. In most cases, ratios of adjacent probabilities were found to approximate the ratio of corresponding probabilities of a Poisson distributed random variable. In
such cases we may take Ω = N and PP (i) = P (X = i ) for a given Poisson random
variable X. The graph F then has edges fi; i + 1g for all i in some suitably defined set
W.
3.1 Switchings for pairings. Arguments involving switchings or similar concepts have
been used in many places in combinatorics. An early example close to our topic is provided
by the bounds on the probabilities of subgraphs of random graphs obtained by McKay
[1981].
McKay [1985] applied switchings to estimate the probability of the event S (that a
simple graph results) in the configuration model for degree sequence d described in Section 2.1. We can describe this as two rounds of the perturbation method, first estimating
the number of pairings with no loops, and then, among those, the number with no double
edge. (To be precise, even higher multiplicities were eliminated first.) Roughly, the double edge round was as follows. Let Ci denote set of pairings with i double edges. Take
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any pairing P in Ci for i  1. To apply a switching to P , choose a random pair from a
random double pair, call it ab, and any other random pair, call it cd , and then delete those
two pairs and replace them by ac and bd . This is depicted in Figure 1. We can count the

Figure 1: Switching two pairs

switchings that produce members of Ci 1 in two ways: the number that can be applied to
such a P 2 Ci , and the number that can produce a pairing P 0 2 Ci 1 . By estimating the
ratio of these two numbers, McKay obtained an estimate of the ratio P (Ci )/P (Ci 1 ), in
the model. In his argument, the ratios were used to estimate the ratios P (Ci )/P (C0 ), and
the absolute sizes were obtained by arguing about the sum of these ratios. Alternatively
and equivalently, we could apply Lemma 3.1 by lettin Ω = N and assigning probabilities
in P 0 , according to the distribution of the random number, X, of double edges in a pairing.
Then, with P defined as an appropriate Poisson random variable, we can deduce (3-1) for
quite small values of ı and C . The set W is defined to be [0; M0 ] for a suitable constant
M0 , and  can be bounded by estimating E[X]k for suitable large k.
To obtain sufficient accuracy, McKay introduced secondary switchings that enabled
him to argue about the local structure of random elements of Ci . This was needed because
the number of reverse switchings depends heavily on the structure of P 0 mentioned above,
though it is quite stable for typical P 0 . This enabled him to obtain the asymptotic formula
in the case of d -regular graphs for d = o(n1/3 ).
McKay and Wormald [1991a] introduced fancier switchings, involving more pairs, for
which local structure had little effect on the number of reverse switchings, and hence
directly gave accuracy comparable to the secondary switchings of McKay. Further secp
ondary switchings produced results that, in the d -regular case, reached d = o( n). An
additional benefit of the fancier switchings was that they led to a useful uniform generator
of d -regular graphs for d = O(n1/3 ). (See Section 4.3.)
3.2 Relation to Stein’s method. Stein’s asymptotic formula for k  n Latin rectangles
in C. M. Stein [1978] was based on Chen’s method (which is elsewhere called the SteinChen or Chen-Stein method) for Poisson approximation, which was based in turn on a
more general method of Stein for approximating a random variable. His basic strategy was
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the same as all results on this problem before Leckey, Liebenau, and Wormald [n.d.]: given
k 1 rows of a rectangle, estimate the probability that a random new row is compatible
with the given rows. Stein approached this as follows. Given the first k 1 rows, define X
to be the number of column constraints that a random permutation, upon being inserted as
the kth row, would violate. A permutation Π is associated with a random permutation Π0
using a random pair (j1 ; j2 ) of distinct elements of [n]: Π0 (i ) is defined as Π(j1 ) if i = j2 ,
Π(j2 ) if i = j1 , and Π(i) otherwise. Then, with X 0 the number of column constraints
violated by Π0 , C. M. Stein [1978, (3) in Section 2] is
P (X = x + 1)
P (X 0 = x + 1 j X = x)
=
:
P (X = x)
P (X 0 = x j X = x + 1)
This is clearly equivalent to restricting to pairs (j1 ; j2 ) where Π0 violates one less column
constraint than Π, which is a direct analogue of the switchings for pairings described
above. Stein also uses secondary randomisation in C. M. Stein [ibid., (20), Section 2],
which corresponds to the secondary switchings described above. However, he does not
seem to use the analogue of the fancier switchings. On the other hand, analogues of the
fancier switchings were applied to the problem of uniformly generating Latin rectangles
by McKay and Wormald [1991b].
3.3 Iterated applications. In the ideal situation, we can start with a set of initial estimates for the ratios of adjacent probabilities, and then iteratively feed these estimates
into equations that are derived from some operation, such as switchings, to improve the
accuracy of the estimates.
We can view the equations as specifying an operator on functions which fixes the true
ratios, except perhaps for a quantified error term. Normally we could then hope to apply
standard concepts of fixed point analysis to show that the true ratios are close to a fixed
point of this operator. Initial bounds are required on the true ratios, as they provide an
initial “guess”, and also simultaneously they can be used to guarantee that, essentially,
this guess is in the domain of attraction of the correct fixed point of the operator.
Here are some examples.
(i) Nonexistence of subgraphs of G(n; p) and G(n; m).
Consider estimating the number tn;m of graphs with n vertices, m edges and no triangles
(cycles of length 3). A. Frieze [1992] switched edges of subgraphs to different positions
and then argued in a similar fashion to the argument for double edges in pairings described
above. This gave an asymptotic formula for tn;m , and similarly for other strictly balanced
subgraphs, when m = n1+ for  quite small. A result for tn;m , with much larger  was
achieved by the author in Wormald [1996], using a different version of the perturbation
method. Instead of moving edges to new positions, one of the basic operations considered
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was to add a triangle at a random position. This generally transforms the graph into one
with an extra triangle, but sometimes two or more new ones can be created. The number
of copies of two triangles sharing an edges is also recorded, as well as numbers of some
other small clusters of triangles sharing edges. In this case vertices of F in Lemma 3.1
are vectors specifying the numbers of each type of cluster, and each vertex is adjacent to
several others, being those adjacent in the integer lattice. The estimate for a ratio between
adjacent vertices contains lower order terms involving similar ratios for other nearby vertices. The ratio for vectors adjacent in the vector component corresponding to a given
cluster is estimated using a “switching” operation in which a copy of the corresponding
cluster is added at random. Fixed points are not used explicitly, but estimates of lower
and upper bounds on ratios are iterated. These arguments are complicated by a careful
induction that yields the required initial bounds on the ratios. Stark and Wormald [2016]
strengthened the method and also extended it to all strictly balanced subgraphs.
(ii) Degree switchings for counting graphs.
This is a rough outline of the argument in Liebenau and Wormald [2017]. Suppose we
have a random graph G with degree sequence d eb where ev denotes the elementary unit
vector with 1 in its v th coordinate. Pick a random edge e incident with vertex a, and with
v denoting the other end of e, remove e and add the edge bv. Let B(a; b; d eb ) denote
the probability of the “bad” event that a loop or multiple edge is produced. If this event
fails, the graph now has degree sequence d ea . We call this a degree switching. Simple
counting shows that
(3-2)

R(a; b; d) :=

g(d
g(d

ea )
da 1
=

eb )
db 1

B(a; b; d
B(b; a; d

eb )
:
ea )

Let Pav (d) denote the probability that edge av occurs in a random graph with degree
dequence d. With a little work, we can express B(a; b; d eb ) using a combination of
such probabilities, resulting in a formula for R(a; b; d) in terms of the Pav (d) for various
a, v and d.
P
By noting da = v Pav , we can also obtain
Pav (d) = dv

X
b2V nfag

R(b; a; d

1
ev )
1

Pbv (d
Pav (d

eb
ea

ev )
ev )

!

1

where V = [n] is the set of all vertices. Iterating these two formulae produces a sequence
of approximations to the functions P and R that converges, and it is convenient to consider,
as described above, fixed points of the operators defined by these equations. Then the
argument becomes one of proving that the limits of the convergent solutions are close to
the fixed points of the operators, and that these are close to the true values of the ratios.
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The required initial bounds on the true ratios were obtained in this case by a primitive
analysis of a switching-type operation similar to that in Figure 1.
Lemma 3.1 was applied here, with Ω being the set of sequences on non-negative integers of sum 2m. The probability of d in P 0 is proportional to g(d), and in P is proportional
to the target formula, i.e. the right hand side of (1-2).
(iii) A related approach for graphs.
While work on Liebenau and Wormald [2017] was under way, Burstein and Rubin
[2015] (mentioned above) considered ratios of ‘adjacent’ degree sequences, and iterated
their formulae to obtain higher accuracy ratios. Having estimated the ratios, they used
them to compare g(d) with some known value g(d0 ). In terms of the ratios, they give
a formula for g(d), however it was not explicit enough in the general case to enable the
derivation of results as simple as (1-2). In particular, they did not extend the range of
validity of (1-2) past what was known at the time.
(iv) Counting Latin rectangles.
All results before Leckey, Liebenau, and Wormald [n.d.] considered adding a random
row to a valid (k 1)  n Latin rectangle, and estimating the probability that the new row
causes no conflicts with the previous rows. (The paper McKay and Wormald [1991b] is
almost an exception, since all rows are considered at random, and switching operations
were used to generate a random Latin rectangle. A similar anlysis on numbers would have
yielded the asymptotic formula for k = o(n1/3 ) which was already known.) The approach
in Leckey, Liebenau, and Wormald [n.d.] is different. As mentioned above, enumerating
k  n Latin rectangles is equivalent to counting k-regular bipartite graphs with vertex
parts V1 and V2 , both of cardinality n, which have been properly k-edge-coloured. Now
consider all bipartite graphs with vertex parts V1 and V2 , with n edges of each of k colours.
The colour-degree sequence is the array of numbers dij , i = 1; : : : ; n, j = 1; : : : ; k such
that dij is the number of edges of colour j incident with vertex i. Then the problem
becomes one of enumerating those graphs with the all-1’s degree sequence. Equivalently,
consider the probability of such a colour-degree sequence arising when an edge-coloured
bipartite graph with n edges of each colour is chosen uniformly at random. The problem
is simplified somewhat by restricting to those graphs in which the degrees on V2 are all 1;
there is a simple model for selecting a random graph subject to this condition. To solve it,
degree-switchings are applied to the vertices in V1 , and the perturbation method is applied
as in Lemma 3.1 with P being a certain multinomial probability distribution. The number
of variables (colour-degrees) is much larger than the graph case discussed above, with the
consequence that the argument “only” succeeds for k = o(n/ log n).
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4 Applications of the enumeration results
4.1 Models for joint degree distribution. It was shown in McKay and Wormald [1997]
how to use Proposition 1.2 to transfer properties of a sequence of independent binomial
variables to the degree sequence of the random graph G(n; p) (in the range of p for which
the proposition holds). In a follow-up paper, the authors will use this to obtain results on
the order statistics of the degree sequence, and also the distribution of the number of vertices of given degree, a problem discussed at some length by Barbour, Holst, and Janson
[1992].
Similar models for bipartite graphs and loopless directed graphs have been investigated
in the dense range by McKay and Skerman [2016], who observed that once we have the
results on enumeration that are now supplied by Liebenau and Wormald [2017], these
models can presumably be extended to all interesting ranges of density.
4.2 Subgraphs and properties of random graphs. The methods of counting graphs
can frequently be modified to include certain edges as specified (or forbidden). This lets
us estimate moments of random variables that count copies of given subgraphs. Armed
with such formulae, if they are simple enough, we can derive properties of the subgraph
counts of random graphs with given degrees.
Examples include perfect matchings in regular graphs (see Bollobás and McKay [1986]).
Robinson and Wormald [1994] used this approach (and a new technique for analysing
variance) to show that a random d -regular graph is highly likely to have a Hamilton cycle.
Enumeration results were used similarly to prove various properties of random regular
graphs of high degree by Krivelevich, Sudakov, Vu, and Wormald [2001]. There many
other examples.
4.3 Random generation. The uniform generation of random graphs with given degree
sequence, and related objects, has statistical uses (see Blitzstein and Diaconis [2010] for
example). Methods and results of enumeration can be useful, or sometimes adapted, to
this problem. See Wormald [1984] for examples with exact enumeration; the applicability of the configuration model and its earlier bipartite versions are obvious. McKay and
Wormald [1990b] used switchings to generate random regular graphs uniformly, and this
was extended by Gao and Wormald [2017].
4.4 Relations to graphs without specified degrees. Kim and Vu [2004] used asymptotic enumeration results, amongst other things, to show that a random d -regular graph is
“sandwiched” in between two random graphs G(n; m) for two different values of m close
to d , as long as d does not grow too slowly or too quickly. Their result was extended by
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Dudek, A. Frieze, Ruciński, and Šileikis [2017] to larger d , which might have been easier
had the results in Liebenau and Wormald [2017] been available.
One approach to obtaining results for graphs with a given number of edges is to prove
results for given degree sequences and then essentially sum over all degree sequences.
This was used for instance by Pittel and Wormald [2005] to obtain the distribution of the
size of the 2-core in the random graphs G(n; p) and G(n; m). Asymptotic enumeration
results are used heavily in such arguments.

5

Final questions

An obvious question that might soon be within reach, given the new methods arising in
the past year or so, is to find necessary and sufficient conditions on d for (1-2) to hold.
In McKay [2010], McKay points out that the asymptotic formula for the number of
bipartite graphs with given degree sequence is unknown when the two vertex parts have
very different cardinalities. The method in Liebenau and Wormald [2017] goes some way
towards alleviating this defect in our knowledge, but further work can still be done. In
particular, Canfield and McKay [2005] suggest a formula of Good and Crook that might
be valid to within a constant factor in all cases for the biregular case.
One problem that arose in some discussions with Boris Pittel and is still unsolved, is
to construct a nice model for the degree sequence of a random connected graph with n
vertices and m edges, in the sparse range, particularly when m = Θ(n).
The asymptotic number of acyclic digraphs with n vertices and cn edges is essentially
unknown. Can we nevertheless find an asymptotic formula for the number of acyclic
digraphs with given in- and out-degree sequence, with cn edges?
Acknowledgments. I would like to thank all my coauthors on this topic, and Brendan
McKay in particular for highly productive collaborations at various stages of the work and
also for checking an early draft of this article.
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